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Abstract

We propose a free boundary shallow water model for which we give an
existence theorem. The proof uses an original lagrangian discrete scheme in
order to build a sequence of approximate solutions. The properties of this
scheme allow to treat the difficulties linked to the boundary motion. We give
the necessary conditions to pass to the limit in the discrete problem.

Résumé
Nous proposons un modéle de shallow water & frontiére libre pour lequel
nous donnons un théoréme d’existence. La preuve utilise un schéma de discréti-
sation lagrangien original afin de construire une suite de solutions approchées.
Les propriétés de ce schéma permettent de traiter les difficultés liées au mou-
vement de la frontiére. Nous donnons des conditions suffisantes pour passer a
la limite dans le probléme discrétisé.

1 Introduction

This paper deals with the behaviour of a fluid defined in a domain depending on time.
The model we propose can be used in various applications such as fluid-structure
interaction problems [10] or the simulation of propagation problems, for instance
the simulation of a spilled oil slick [13] or a fire spread [1]. To characterize the fluid
motion we consider a shallow water problem with free boundary, the motion of the
boundary being characterized by a boundary operator A (some boundary operators
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are used in V.A. Solonikov [17] , J.T. Beale [2]). This operator allows to conserve
a smooth enough domain and consequently to use classical properties of Sobolev
spaces. To solve the bidimensional fluid equations (P), we propose a Lagrangian
scheme. Euler scheme is not appropriate for the discretization of this kind of problem
since we work on a non cylindrical domain. Moreover the Lagrangian description
allows to follow each particle in its motion and thus to take naturally into account
the boundary variations. Numerous papers propose to solve Navier-Stokes equations
in a moving domain by using the Arbitrary Lagrangian Eulerian method. We can
cite for instance J. Donéa et al. [6] who give a survey of this method. Let us mention
on the subject our recent work [13] in which we deal with a shallow water problem
with free boundary by using the ALE method and considering that the operator A
is zero (the case A = 0 is considered in V.A. Solonikov [16]). In particular we use
this method to describe the behaviour of a pollutant slick at the sea surface.

Our survey follows a series of papers (|7], [8], [9], [10]), dealing with models
defined on a domain depending on time. To solve the problem, the above papers use
a method based on a fixed point theorem. The originality of our new approach is to
circumvent the use of such a fixed point. Numerically it allows to decrease drastically
the computational time. Our purpose is to solve the shallow water problem by using
a very simple linear scheme where the total derivative is approached with a finite
difference approximation to which we add a regularizing operator B depending on
the discretization step and vanishing as this step goes to 01 [8]. The Lagrangian
description is well adapted to describe the boundary motion. The operator B gives
the necessary compactness to justify all the calculations and to pass to the limit
inside the equations. Moreover, this operator gives a meaning to the discretization
since it allows to show that a particle does not leave the domain from a time step to
another. The Lagrangian discretization allows us to circumvent the difficulties linked
to the nonlinear terms (advection) and leads us to solve a "nice" linear stationary
problem.

At time ¢, the fluid occupies a bounded domain €2, of R? with boundary ~;.
We denote by vy the boundary of the fluid at initial time. Assuming that g is
smooth enough, we define the deformed boundary as follows: ~, := {r = X +
d(X,t), X € v}, where d corresponds to the displacement d(X,t) = I'(¢,0, X) — X,
where I'(¢,s,2) denotes the Lagrangian flow, i.e. the position at time t of the
particle located at = at time s. This deformation has a meaning if the corresponding
Lagrangian flow X +— I['(¢,0, X) = X +d(X,t) is a diffecomorphism from =y, onto v, :=
I'(t,0,7), so that all what follows will hold as long as det J (X, t) # 0 on g, (where
J(X,t) is the Jacobian matrix associated to the transformation X — I'(¢,0, X)),
and T is one-to-one on 7. Thus we define T'(0,¢,z) by I'(0,¢,.) = ['(¢,0,.)"! and
I'(t,s,x) = I'(¢,0,1'(0,s,x)). Thanks to operator A, we shall see afterwards that
d is bounded in W1 (0, T; W*°(~,)) by a bound depending proportionally on the
initial data. Thus, if we consider small data, I" verifies the previous conditions and
the deformation has a meaning (see P.G. Ciarlet [3|, B. Desjardins et al. [5]).

We set @ = Use(o,r)$% x {t}, X = Ueo,r)ye X {t} and n the exterior unit normal
to €, on ;. We suppose that the fluid is governed by the following shallow water



problem

%_i_(u.V)u—luAu—FVh:O in Q,
(P) o
e + div (hu) =0 in @,

where u is the velocity, h is the fluid thickness and p is the diffusion coefficient. In

order to set the boundary conditions, we introduce the Lagrangian description of
the velocity, U : vy x (0,T) — R? (X, T) — u(T'(,0,X),t). On boundary ~, we
have

U(X,t) = u(X +d(X,1),t) = %, (1)

and we characterize the boundary motion +; by a condition on the normal component
of the fluid stress tensor o

o(X+d(X, 1), )n(X +d(X,1),1)| det T|(X, 1) = A(DU(X, )/0t) on 7o x (0,T), (2)

where A is an operator defined on vy which takes into account the stress applied
to the fluid on the boundary. We assume that A is the square of the Laplace-
Beltrami operator which ensures that f% A(v)v = f% AV2(0)AYV2(v) = ||v||§{2(70)
(for more details about this kind of boundary operator see V.A. Solonikov [17] and
R. Dautray, J.L. Lions [4] ).

The equations are completed by the initial conditions

ho lOg ho € Ll(Qo), ho > O, (3)
uo € HY*(p). (4)

As P.L. Lions in [12| or P. Orenga in [14], we introduce conditions on small data

1 1 1
My = §||Uo||%2(90) +/Q ho log ho + gmeaS(UtE(O,T)Qt) + §||U0||§{2(70)
0

<o () (i) )

. Iz @
< 25—;2 ’
HUOHL2(QO) fHn ( Can 7 C(GNT) ’ ( )

where o and 3 are two positive numbers such that o+ 8 = 1/2 and Cgy is the best
constant satisfying Gagliardo-Niremberg inequality

[ulZs,) < Conluliz@nlulm q- (7)

2 Preliminary results

2.1 Energy estimates

In this section we are going to state and prove some a priori estimates for the
problem (P) under restrictive assumptions on the data.



Lemma 2.1. Under assumptions (3), (4), (5) and (6), and for a finite time T, h,
u, and d verify

u € L*0,T; H' () N L*=(0,T; L* (%)), (8)
hlogh € L>=(0,T; L*(Q)), h >0, (9)
U e L>(0,T; H* (7)), (10)
de Wh(0,T; H*(vy)), detJ # 0, (11)
h e L*(Q). (12)

Proof. We multiply equation (P); by u and we use Leibniz formula. We obtain

1d 1 1 1
__||u||%2(Qt) — —/ lul*u-n — = |u|*div u + —/ lul*u - n
2dt 2/, 2 Ja, 2/,
ou
2 _
+MHDUHL2(Qt)+/ﬂchU—,M %%'U—O.

The term th Vh -u is treated as follows

/Vh-u = /Vlogh~hu
Qt Qt

= —/ loghdiv(hu)—I—/hloghu-n
Q

Yt

oh
= 1ogh——|—/ hloghu-n
e+ .

= /%(hlogh—h)jL/hloghu-n
Q

vt

d d
= —/ hlogh——/ h—/hloghu-n—l—/hu-n+/hloghu-n.
dt Q dt Q Tt Tt Tt

Thus, noticing that the continuity equation gives % th h = 0, we obtain

d
/Vh-u:— hlogh+/hu~n.
Q dt Q Tt

We estimate fﬂz |u|?div u using the Gagliardo-Niremberg inequality

g ul*divu < Conlulz ) lulfn o,
t

So, writing the boundary terms f% hu-n—p f% g—z ‘U = f% u - on on Yy and using

the boundary condition (2), we obtain

1d d 1d
L o+l Do+ / hlogh+ 2 / AV2UP < Conlul o lulna,-
2dt" P L@ at Jo, 24t |, @V @)



t
Then, we integrate over (0,¢), ¢t € (0,7). We write CGN/ HuHLz(Qt)(HuH%g(Qt) +

0
HDUH%Q(Qt)> < CGNH“”LW(O,t;LQ(Qt))”DUH%%o,t;L?(Qt)) + CGNTHUH%OO(O,t;LQ(Qt))' Further-
more, noticing that / h(t)log h(t) > — meas(Ue(o,1)€%) /e, we obtain

Q¢

Can 1
(CY - TT||U||L°°(0;t;L2(Qt))) ||U||%oo(o,t;L2(ﬂt)) + ﬁ”“”%w(o;t;p(m)) + §||U||Loo(0,t;H2(70))

Cen 1
(1= e imosazion ) Wilbsoasoy + T 1og Alimoana < 3l

1 1
+ [ halogho + Tmeas(Uieoa ) + ol = Mo (13)
Qo

with o + 3 = 1/2. Now, we have to verify that o — ConT/2|u|L=(0;02(0)) > 0
and p — Can/2|u|r~@xr2(,)) > 0. To show this last point, we recall that g
verifies |ug|r2(,) < min(2u/Cean;2a/(CenT)). In finite dimension (at least), there
exists ¢; > 0 such that for all ¢ €]0,¢1[, |u(t)|r2(,) < min(2u/Can;20/(CanT)).
Supposing that there exists ¢; such that |u(t1)]z2(q,) = min(2u/Can; 20/ (CanT)),
for instance |u(t1)]z2(0,) = 21t/Can, then estimate (13) at time ¢, leads to

2u 2
2 _
BlulZoe o200y = 5 (C—GN) < My,

which contradicts (5). We obtain a similar contradiction if |u(ti)|r2@,) =
2a/(CenT)), thus estimates (8)—(10) are proved.

Remark 2.1. From relation (1) and estimate on U, we deduce that d € W'*(0, T}
H?(y)) and consequently that the boundary is of class C*. Thus, for all ¢, we can
give a meaning to the trace of a function of H'(€);). Notice also that the bound on
d allows to ensure that det J # 0 and to give a meaning to the deformation.

To obtain the bound L? on h, we introduce the gradient operator V in @ and

4
we set W = Z w; with

=1

ou; Ou
wy = (—8751 ; —8752’0 , wy = (uVuy, uVug, 0),
odivu Ocurlu Odivu  Ocurlu
— _ — — 0 = (0, 0, div (hu)).
w3 H ( axl 3x2 ) 3x2 + axl ) ) , W4 ( s Yy lV( U))

With these notations, (P) can be formulated under the form Vh + W = 0. We
have u € L*(0,T; H'(Q,), then w; € H '(Q) and ws € H '(Q). Moreover, wy €
LY3(Q) ¢ HY(Q), since u € L*(Q)NL?(0,T; H'(€)). Moreover hlogh € L>(0,T;

h
LY(Y)), then h € L*(0,T; H*(Q)) and div (hu) = _(z)_t € H'(Q) from which we
deduce that wy, € H™'(Q). Thus,
Vh=-W e H Q)

and so h € L*(Q) if h € L}, .(Q). The bound on h in L}, (Q) can be obtained as in
P.L. Lions [11].



2.2 Regularization of the problem

We approach the problem (P) by regularizing the continuity equation with the term
dh?

0

8_TZ+(U V)u— pAu+Vh =0 in Q,
(P°)

oh 9 :

En + div (hu) +0h* =0 in €,

with the previous boundary condition (2). This regularization is an argument al-
lowing us to construct the approximate solutions in the following sections and in
particular to pass to the limit in the discrete equations in section 5.

Remark 2.2. The bound on h in L?*(Q) obtained in lemma 2.1 allows to pass to
the limit on § in (P°) and consequently to recover the solutions of (P).

In view of the numerical scheme and to conserve the positivity of h, we renor-
malize the continuity equation as follows: dlogh/0t 4+ u - Vlogh + divu + dh = 0.
Thus (P°) can be formulated as

E+(u Vu — pAu+ Vh =0 in €,
7 dlog h
;tg 4 uVlogh +divu+0h =0 in Q.

Notice that this renormalization has a meaning since h € L*(Q) and u € L*(0,T;
H'(€)) (R.J. Di Perna and P.L. Lions [15], P.L. Lions, Lemma 2.3 [11]).

3 Lagrangian discretization

To prove an existence result for the problem (P?), we build a sequence of approxi-
mate solutions by using a Lagrangian scheme. In section 4 we shall show that the
approached solutions verify some estimations which allow to pass to the limit in the
time-discretized problem in section 5.

The lagrangian scheme is well adapted since it allows to follow each particle in
its motion and thus naturally takes into account boundary variations. First, we
propose a time-discretization for the domain and we define the approached domains
Q). Then we introduce the stationary problems solved on each €2;. As mentioned
in the introduction, to pass to the limit inside the equations, we introduce in the
discretization an operator At®Bu, where 0 < o < 1, such that D(B) = H3(Q;) for

AtﬁO

almost all ¢t € (0,7) and At*Bu — 0 in the sense of distributions.

3.1 Domain Lagrangian discretization

For the boundary motion we consider the following discretization: for all £ €
[1,...,m], with At =T /m, we set

do(X) =0 (14)



and
dp(X) = di—1(X) + up—1(X + dp_1(X))At, (15)
[e(X) = X + dip(X), (16)

where wuy, is defined afterwards. In the same way we consider the characteristic curves
defined by the equation dz(t)/dt = w(x(t),t) which is discretized using the relation

T
Tpp1 = T +up(zp)At, k€ {0,....,m—1}, At =—.
m

By recurrence, we build m approwimate domains Q, = {z; € R*/xp = 251 +
up—1(Tp_1)AL, 21 € Q_1}. We set

Qac = {(z,1) € R2x]AL, T[/x(t) = a,
t e kAt (k+ DAL, z; € Q, ke {l,....,m—1}}
0Qar = {(y.1t) € R¥=]ALT[/y(t) = (X)),
t € [kAt, (k+ 1AL, X €y, k€ {1,....m—1}}
Qae= {(z.t) € R2x|AL T[/a(t) = zp + (t — kAL ug (),
t e [kAt (k+ )AL, z; € Q, ke {l,...,m—1}}
0Qa; = {(y,t) € RZX]AL T[/y(t) = Tu(X) + (t — kA ug,(Ty(X)),
t e [kAt (k+ DAL, X €y, ke {1,....,m—1}}.

3.2 Approximate problem

Let us denote by x, = xp_q the position in £,_; of the particle located in x; at
time t = kAt. We approach the Lagrangian derivative in the momentum equation
by (Uk — ’ljkfl)/At -+ Ato‘Buk, where tk = ]{IAt, U = U(l‘k, tk), ak,1 = U(gk, tkfl) =
u(xy, — Up_1 At tp_1), 0 < a < 1, B is an operator such that D(B) = H3(£)) and
At*Buy, — 0 in the distribution sense when At — 07. We endow At®Bu,, with
good boundary conditions to ensure that At® ka Buy, - uy, = Ata||uk||§{3(9k).

Remark 3.1. The condition on the normal stress tensor is "disturbed" by the
Lagrangian derivative approximation, thus this condition becomes

o(X +d(X, 1), )n(X + d(X, 1), t)] det T| (X, 1) +

At*Tr(Bu)(X + d(X,t),t) = A(QU(X,t)/0t) on vy x (0,T), (17)
Using these notations, we define the stationary problem
( Uk — MAt Auk + At th + At1+a Buk = ﬂk_l in Qk,
log hy, + At div uy, + At hy = log by in Oy,

(Pr) 4 or(Ta(X))n(Dr(X)] det T (X) + At Tr(Buy) (Ty(X))

A (Uk<Fk<X>> = uk1<Fm<X>>)

on 7o,

At
| +boundary conditions for the operatorAt® Buy,

7



where Jj is the Jacobian matrix associated to the transformation X — I'y(X) =
X + di(X), allowing to pass from 7 to 7. We shall see in the following section
that supg<i<,, |dr|wie@o) < V2KT, where K, depends proportionally on initial
data. Then, if we consider small data, we deduce that det J; # 0 and I'j is one to
one on 7y, and this transformation has a meaning. In the same way, we set J; the
Jacobian matrix of the transformation xy 1 = x + At ui(zy) allowing to pass from
Qk to Qk+1:

14+ At Qa0
Jk; — a &rkl 690 2
U2 U2
At 14+ At
0Tk * 0Tk

In this case, we shall see that the term At®Bu, allows us to establish that At Duy,
is bounded in L*(£2) by a bound which depends proportionally on initial data and
At(1=)/2  Thus if we choose At small enough, det J, > 0 and the transformation
defined by zx11 = xp + At ug(zx) has a meaning,.

4 Compactness results

We are going now to state and prove some compactness results on the stationary
solutions of the M problems (P¢) which allow us to pass to the limit in section
(5). To establish the estimates, we introduce the sequence My, (k=1,...,m), defined
by recurrence by My = Dy and M, = My + (2ulAt + CoAt'2*At)M;,_;, where
Dy = [q, holdet Jo| +1/2 [o, ug|det Jo| + 1/2[AY?(ug 0 Ty)|72,,, and Cs is defined
in the proof of the following lemma. Notice that the sequence (M,,),>1 (where
m = T/At) converges to Doe'l when m — +o00 (At — 07). Then for all At < «,

there exists K, such that M,, < K,.

Lemma 4.1. If At is chosen small enough (At < «) and if we assume the condition

K., <2( K )2, (18)

Caen
we have
Lo po\?
sup |u; < 2= Ui — Ui 2200 <2 =—— ,
1§i1§)k iz < Can ;H 1HL2(Q’) (CGN)
AtO‘ZAtHuZHHg <C, Zmuuzum(g <C,
=1
o o <2 () ZAtnh ooy < C(6),
1<i<k
L 2
1s<1jp |wioTs| m2(hg) < V2K, <20G ZH%OF —u;_q0l; 1HH2 (o) < 2 (CGN) ,

where C, C' and C"(§) are independent of At.



Proof. We give the estimates for k = 1, k = 2 and we generalize for all k.
estimates for k =1

We multiply the momentum equation (P¢); by u; and we integrate over ;. Tak-
ing into account the boundary conditions described in the previous section (equation
(17)) we obtain

1 1 - . a
5”’&1”%2(91) + 5”’&1 — /U/OH%2(Q1) + ,LLAtHDTMH%Q(Ql) At/ hidivuq, + AtlJr HU1HH3 Q1)

1
+ / [A(Ul e} Fl) — A(UO (¢] Fo)] +Up © Fl = 5 ‘U0|2 / ‘U0| ‘ det JO
Yo

We have

/[A(ulofl)—A(uoofo)]~ulofl:/ \A%(uloFl)\Q—/ Az (ugoTy) - A% (ugoT)

Yo Yo Yo
1, 1 9 I, 1 2 Lo 2
= §|\A2 (u1 0 T'1)[72(r0) + §|\A2 (ur 0Ty —upoTo)|720y) — 5”142 (o © L'o)[72(e)

The term —At le hidiv u; is estimated by using the continuity equation

h
—At/ hldivulz/ hy log~—1—5At/ K
Q Q4 ho o)

h
= / h1 10g~—1 +5At”h1”%2(g
(921 ho

and we write

h ~
/ hy log %—1 + 5At||Vh1 ||%2(Q1) > / (hl - hO) + 5At||h1”%2(91)’
9

0 1

Moreover the continuity equation shows that h; = ?Loe*mdiv (u1)=0Athr > () Finally
we obtain

1 1 -
5”“1”%2(91) + 5”“1 - U0||%2(Ql) + MAt”Dul”%?(Ql) + [Pz, +

1,1 L, 1
SAL|h 720,y + 5”142 (u1 0 T1) |72y + 5”142 (u1 0 Ty — g 0 To)[[ 25
+ At1+a||u1||§{3(gl> < Dy. (19)
Since € C R?, then H?(Q;) < W1*°(£;), thus there exists a constant K such that

I

At”u1”W1 109(Q1) < KAtHUluHS ) < KAti\/_C
GN

This estimate shows that we can always choose At small enough such that det J; > 0
and the transformation zo = x1 + u; At has a meaning.



estimates for k = 2

In the same way, we have

1 1 ~ : o
5”2@”%2(92) + §||U2 — U1||%2(Ql) + ﬁLAt”DUg ”%2(91) - At/ﬁ hgle Ug + Atl‘f' ||u2||§{3(92)
2

1 1 1 1
+ 5l Az (uz 0 o) 72(,0) + 1Az (ug oIy —uy o L)l 72(0)

1 1

<5 [ lwldet | + 5147 (ur 0 T1)lFags,)- (20)
1971

Gagliardo-Niremberg inequality leads to

1 At

1
3 | 1l 1det 3] < Sl + 5 Cavlurlaplu b,
1

EAtQ 2 2 21
+ 2 luil 7200wl 7 ) (21)

since H3 ¢ WH*® and det J; = 1 + Atdiv u; + At? (‘9“21 Quaz _ Quz 8““). To handle

Ox21 Oz22 Ox21 Ox22
the term —A¢ fm hodiv us, we write

Q Qo hy Qo

h
_ / halog 22 + 5AU a2 0y,
Qs h

1
and we obtain

h ~
/ h210gﬁ—2+5At||h2||%2(92)2/ (hy — ) + 0 a2,
QQ QQ

1
moreover

/ h1| det J1| S / h1 + At/ hldiV uy + KQAtQHhIHLl(Ql)||u1||12T{3(Q1)7 (22)
971 Q1 931

with
At / hldiV Ui S ”hl ”L.A’(Ql) || Atdiv (VA ||LA(91) s
951

where La(q,) is the Orlicz space defined by the N-function A(t) = exp(t?) — 1

and Ly, its dual defined by a N-function A’(t) équivalent to ¢/log™ (). Since
AtIte|div u1||%oo(91) < KDy, then if At is small enough

A(Atdivuy) = 14 A2 div u |72,y + T(AP7) = 1.
Q1

Thus since

1

1 1
||h1||LA,(Q ) < ||h1||21(9 ) (/ hy log+ hl) < |Ih1||L1(Q1) + —/ hy log+ hy
! ! o 4 Jo,

10



1
<Nl + 71l ),
then
3
At/ hldiV Ui S ClAt2 ||u1||%_[3(91)”h1 ”1212(91) —f- CgAt2—2a ”hl”Ll(Ql)
951

+ A1 [72q,)- (23)

Thus, from (19) and (20)-(23), and by adding uAt||u1||%2(Ql), we deduce easily the
following inequality

1 1 - 1 ~ Can
sl + gl ~ Tl + 5=l + At (1= G iy ) Lo
+ A Dus 72, + [h2li@s) + AU — CsAL ) A |72,y + 0A ho| 72 (o)
1, 1 1, .1
+ 5 ||14§ (u1 o Fl — U © F())”%z(,m) + 5”145 (Ug o Pg — U1 0 Pl) ||%2(70) + At1+a141 ||U1||§_13(Ql)

< Do + 2uAtDy 4+ Co At 2*AtDy = M,

« 1 1
+ALT us s 0, + 142 (12 0 To) 72y

where
l—a 5 l—a 2 1o K2 2
A, =1—- At C’1||hz~||L2(Qi) — AR by e,y — At 7||uz~||L2(Q

— AtUK?| Az Uil 72y, Withé=1,...,m—1.
Since we have the condition (18), i — Can/2|u1|r2(0,) > 0. Moreover for At small
enough § — C5At!72* > 0, A; > 0 and the term on the left hand side is positive.
Notice also that the properties induced by the operator At*B allow us to show that
det J, > 0.

estimates for all k

In the same way, we obtain:

el + 2 an i 1nmk+2( ¥ e )Atnuiuipm)

k—1

+ MAt”DukH%Q(Qk) + | hll iy + (0 — CsA ) Z At”hz‘”%?(m) + 5At||hk||%2(gk)
i1
Lk k-1
1 @
5 D 1A (i 0Ty — iy o Tin)lay) + Y AM  fusla,
=1 =1
1, 1
AP g, + 5147 (g 0 T g < My (21)

Moreover, as for k = 2, the terms A; and pu — Can /2|u;i|12(,) are positive. Thus for
all k € {1,2,...,m}, we obtain the announced estimates.
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Remark 4.1. From the discretized continuity equation (P?); and the previous equa-

tion (24) we have
Z/ﬂ log( s >'<C

Remark 4.2. From classical results on Sobolev’s spaces we deduce

Vo € Q, Yy € 0, |AtHTauk(x) - AtHTauk( )| < At 2 *urlwres @z — Yl

However, inequality (24) shows that A" [ui[7;s ., is bounded independently of %.
In dimension 2, H3(Q) < WH>(Qy), thus

Va € O, Yy € 0, | Atug(z) — Atug(y)| < At 2 Clz — y).

If we choose At such that A=®)/2C < 1, this inequality shows that the distance
variation from a point to one on the boundary between two consecutive time steps
is lower than the same distance at the previous time step. Thus there are no point
leaving the domain from a time step to the next one.

5 Passage to the limit on At

Here, we show that the approached solutions have the necessary compactness to pass
to the limit in the time-discretized domain and inside the equations.

5.1 In the time-discretized domain

We introduce the following notations for all k € {0,...,m — 1}, t € [kAt, (k + 1)At]

d(X,t) = d(X), for all t € [kAL, (k + 1)Al] (25)
and
A(X, 1) = dp(X) 4 up(X + dp(X))(t — kAL for all t € [kAL (k+ DAL (26)
We have
ldi | f20y0) < Atfug o Lol 2(r0)
and
ldel2(v0) < k-1l m2(70) + Atfur—1 0 Teoi]52(40),
then

k—

|dic] 720 Z Atfu; o T'i| 52(y)
=0

Thus, from lemma 4.1, we deduce that

2MT

sup | di]a2(y0) < V2K T < ——
0<k<m GN



Then we obtain
2,uT

GN

||d||Loo(H2 'YO) S 2K T <

ldl o2ty < sup |difa2(y) + At sup |ug o Ti| g2y
0<k<m 0<k<m

< 2K, T + Al/2K,
21T g 2

<
GN Caen

od
and since T — (X, t) = up(X + di(X)) for all t €]kAL, (k+ 1)At],

2p

” ||L°°(H2 (70)) S 2K, CGN

Thus, we deduce that d is bounded in W4(0,T; H2(v9)). So, there exists d €
Whe(0,T; H*(y0)) € Wh*(0,T; C*(0)) such that

d 2= d in Wh(0,T; H*(7o)) weak star.
Moreover since the imbedding of W1°°(0,T; H*(v,)) into C%*(0,T;C(y)), 0 <

a < 1, is compact
At—0

d>=2 d in C%*(0,T; C"(~)) strong.

Moreover, since |[d|w 1000w 1.00(y0)) < HIminfas—o ||(,j“W1,oo(0’T;H2(,yO)) < (147)V2K,,
we deduce that det J(X,t) # 0, X € v, t € [0,T], for small data. Moreover, from
lemma 4.1, we have

||dv_ d||H2(Wo) < At Sl/ip |y o Fk”HQ(%) < CAt

thus
TAt—0

d—d>=0in L>®(0,T;C"(70)) strong,

then we have Qa; 2= Q.

5.2 In the time-discretized problem

In this section, we give some elements for the passage to the limit in the time-
discretized equations. We introduce the following notations, for all k € {1,...,m—1},
t € [kAL, (k+ 1)At]

z(t) = xg,

u(x(t),t) = u(zg, ty = kAt) = ug(zy), ( (t),t) = h(xg, tr, = KAL) = hy(xy),

AEW). 1) = BE(E — AL). £ — Af) 4 D) ZAEE = A E =AY oy

Al
@), 8) = B — Af), ¢ — Ay + MEWD = h(i(’;_ ADE=AY 4 kar.
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In @At, the time-discretized solutions verify the problem

W — pAT(E(), 1) + A" BU(E(t), t) + Vh(E(t),t) = 0,

G
OHEDL) Ry, v a@0), ) + h(E(2). 1) = 0,

with the boundary conditions

G(X +d(X, 1), )A(X + d(X, 1), 1)| det T|(X, 1)
+ ATr(BU)(X + d(X,),t) = —A(OU (X, t)/0t) on 7o, (27)

where U(X,t) = U(X + d(X,t),t). We set YA = Qa N {(z,t); € R?}. The

compactness results obtained in Lemma 4.1 allow to deduce that

PO u
[a(@@), )22 @nn) < sup [uil L2 < 20—
0<i<k GN

and

T m
[a@(@ (), )72 (m1 (0 ar)) = /A [G@E (), )30, 0y = D Atlurlin g, < CAL.
t k=1

Then, there exists u € L>°(0,T; L*(%)) N L*(0,T; H'(£;)) such that

@ — uin L>®(0,T; L*(€)) weak star,
u — uin L*(0,T; H'(Q;)) weak.

In addition

T m
/ la(z(t),t) — u(z(t — At), t — At)||iQ(Qt7m) =C Z At|ug, — uk_1||ig(gk) < CAt.

At k=1

So we deduce that @(Z(t),t) — a(Z(t — At), t — At) == 0 in L*(Q) strong. Moreover,
according to the estimates on uy, we show that

|w(z(t), )| L2gan < C

and
[a(Z(t), ) — AE(E — At), t — Ab)[Faguy < D Atlug — wp_1]72(q,) < CAL
k—1
We thus deduce the following convergence results:

{ U—10 =0 in L*(Q) strong , (28)

U 2= uin L2(Q) weak .
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In the same way there exists h € L*(Q) such that

At—0

720 b in L0, T L2(S)) weak (29)
Moreover from the remark 4.1 we deduce
/ / h(z(t),1) _ Ay Z / log (
At S, a, z(t — At),t — At)

thus R
log | = UGIORD == 0 in LY(Q) strong.
h(Z(t — At),t — At)

N<cm

As h is bounded in L?(Q), we deduce from this strong convergence that
h(E(t),t) — h(E(t — Ab), t — At) 2220 in LP(Q) strong, p < 2,
and so consequently that

h—h220in LP(Q) strong, p < 2. (30)

At—0

We show now that 0u/0t — 0u/0t + u - Vu in the sense of distributions. Since

@\At 222 Q, for all ¢ € D(Q), there exists At such that YAt < At, supp ¢ CC Qm.
Considering a time step At < At, we multiply 0u/0t by ¢ € D(Q), we obtain

G@EW), ) -G @(t— At — A
| o 6 @(0), 1

= /@At W - o(z(1),t) — /@m alelt - itt)’t — AY) Cp(Z(t), 1) (31)

In the last term we introduce the following variable change: t* =t — At. We notice
J the Jacobian matrix associated to this variable change and det J its determinant

det J = 14 Atdiva(Z(t*), t*) + At? (Da(z(t*), t*))*

G 0G  9¢1 OG,
W 2 _
here (D¢)” = 0xy Oxy  Oxg Oxq

if At is small enoug}% according to the compactness of Lemma 4.1. Thus we obtain,
using that f@m = fAt th’At,
u(x(t),t .
ey - iillw@mw
Qat

T—At )
/ / CGE(E + AL),t + Af) det J
Qt* At

_ AM /TN[;m )¢@W+Amﬁ+Aﬂ

T—-At
/ / B, 1) div AE(E), £) - SEE + AL, 1+ AP)
Qe A¢

This determinant is strictly positive and bounded

T—At
Qix At

15



Using that fT g fATt~ — fTT_At~, we find

o) = [ aGo, t>¢<§(t>’t> G AYLRATS)
AN R ERIERY

12% see Remark (5.1)

/ o / )divAE), 1) - SE(E + AL, £+ A

— At /O /ﬂ N AR(), 1) [DAE®E), D) - $(@(t + At), t + At).

(. J
v~

22% see Remark (5.2)

To simplify we do not make appear the terms going to 0 as At goes to 07, so
(31) can be written under the form

) = [ G LS
+/@At G, 1) - ¢(@(t), t + Al) —fi(t/f(t—I—At),t—FAt)
/T At /Q ) 1) divu(@ (), 1) - (3t + ALt + AL)
- /Q .0 a0t + 20 - 9(3(0).1)
_ /Q i acw.-2C ()+Atﬁ(§(t),t),tA t At) — ¢(Z(t),t + At)
/T ) /Q N t) diva(z(t),t) - ¢(Z(t + At), ¢ + At).

We pass to the limit on At in each term V¢ € D(Q)

. a0 . CED. T A — 6(E(0). 1)
A Jp,, 10 Al

B Op(x(t),t)
_<U(x(t)7t)’ ot >D’(Q),D(Q)’
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S(E(t) + AtU(E(L), 1), t + At) — (@ (1), t + At)
At—0 @At ' At

s @) + AR, ), + AL) — 4i(B(L), t + At)
-gmE, s ;

Yy <ui<x<t>, g (a(t), 1), M>
i=1 j=1 axj D'(Q),D(Q)
and
T—At
Jim /A t /Q 0 diva@E (), £) - B(F(t + AL), t + Ab)

= (u(z(t),t) divu(x(t), t), o(z(t), 1)) p/(@),0(Q)-

Finally we obtain

)

(Z(t),t) — T (@(t — Ab),t — AD)
A0 g, At

B do(x(t), t)
__<U(x(t)’t)7 ot >D'(Q>,D(Q>

55 ui(x(t),t)uj(:p(t),t),a@(g(t)’t>>
=1 j i D'(Q),D(Q)

—(u(x(t), t) divu(z(t), 1), o(x(t), 1)) p@).0(@) (32)

-0 (2(1),1)

"@Q).D(@Q)

(1), 1) p@).p(@)
(x(t), t)) (@), D(@)
(@(t), 1)) p(@).0@)

thus

i du(@(t), 1)
A0 Jos, Ot

_ <% +(u(x(t),t)~V)U(9E(t),t)a¢(x(t)at)> | . (33)

Remark 5.1. According to the definition of the support of ¢, there exists At such
that

U Qae x {t}| N supp ¢ = @, for all At < At.
te[T—At,T]

17



Remark 5.2. We have

At/ /|u DIDEE(L), ) - 6@ (1), )]

< 2At sup lwkl 20y ¥ ( Atlurlr ) sup [0 o @),

k=1

according to estimates obtained in lemma (4.1)

At/ /Q [u(z(t), )| Du(z(t),1))? - (Z(t), t)| < C' At .

thus since 0 < o < 1

T—At
lim At/ /th t)|Du(z(t),t)|” - ¢(x(t),t) = 0.

At—0

We use the same method to pass to the limit in

dlog h(Z(t),t) .
| et

we obtain

(UMD (a1, 0)- Vo). 0, 8a(0).1)) SNEN

D'(Q),D(Q)

Finally, in the sense of distributions, when At goes to 0T, (P) leads to (P°).

5.3 passage to the limit in the boundary conditions

To obtain estimates of the first section and pass to the limit in the regularized
problem (P?%), we have to show the boundary condition (2). To do this, we formulate
the time-discretized problem under the following variational form

/ st Vav-¢— | hd1vgz5+Ato‘/A B2 (@) - B2(¢)
Qat ot Qat Qat Qat
N <§A1/2(U> A1/2(¢)> _ 0, Vo € D(0,T; C*(R?)), (35)
t D!(0,TL2(70))

where ®(X,t) = ¢(X + c;l\(X, t),t). The relation (32) is still valid if we take ¢ €
D(0,T; C*(R?)), but we can not at this point apply directly the Green formula and
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write the relation (33) for ¢ € D(0,T; C>(R?)). Thus, by noticing that d2=din
L>(C") and U is bounded in L>°(H?(vp)), we only deduce that, at the limit,

a¢ 2 2 a¢
U —— — Ul j —— — divuu'¢+/Vu'V¢—/hdiv¢
fo XX g, ; .
+ <2A1/2(U), A1/2(¢)> =0, V¢ € D(0,T; C*(R?)). (36)
ot DI(O.TiE2(0))

Moreover, in the previous section we have shown that

% +uVu—Au+ Vh=0in D'(Q).

Since uVu € L*3(Q), then 2 — Au+ Vh € L¥3(Q). So considering a function

¢ € D(0,T;C>()) we have

/Q(%_Amw)~¢+/Q(u.V)u.¢:o, (37)

To apply the Green formula, we introduce ©; = (—% + h, 0, u1) and Oy =

(0, =222 1 h uy). Thus, (37) can be formulated under the form

Ox2
2

where div represents the divergence operator in (). Then we can apply the Green
formula in () and we obtain

ot [y |
/QatQ o+ [uoni=3 [ o > [
—ZZ/uiuj%—/divuu-gb—I—i/uigbiu-Nm:O, (38)
— Q &rj Q i—1 /%

where N = (N,,, Ny,, N;) is the unitary outward normal of (). So, noticing that
u- N, = —N; and [N, = fOT f% ¥n;, we obtain the relation (2) in W—5%°(0, T}
H~%()) by combining (36) and (38).

Concluding remark

This survey follows a series of papers (7], [8], [9], [10]) dealing with fluid structure
interaction problems in which a thin structure (plate or shell) surrounds a domain
occupied by a compressible fluid. In these papers, we give existence results in which
the proofs are based on approximate solutions constructed by using a fixed point
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method which connects the fluid problem and the structure equation. Numerically,
the method proposed in the present survey allows to avoid the use of such a fixed
point and consequently to decrease the computational time. Notice also the essen-
tial role of the boundary operator A since it ensures some physical properties and
the regularity of the boundary, which is necessary to pass to the limit inside the
equations.
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