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Robust numerical algorithms based on analytic approximation
for the solution of inverse problems in annular domains
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We consider the Cauchy problem of recovering both Neumann and Dirichlet data on the inner part of
the boundary of an annular domain from measurements of a harmonic function on some part of the outer
boundary. Using tools from complex analysis and best approximation in Hardy classes, we present a fam-
ily of fast data completion algorithms which are shown to provide constructive and robust identification
schemes. These are applied to the computation of an impedance or Robin coefficient and are validated by
a thorough numerical study.
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1. Introduction

The problem we are dealing with in this contribution is the recovery of both Dirichlet and Neumann
data on some part of the inner boundary of an annulus from measurements of a function harmonic in the
annulus, taken on some part of the outer boundary. These extended data may be relevant by themselves
in some applications or used to compute the electrical impedance (or the Robin coefficient), which is
needed in other applications.

Such a problem arises for instance in corrosion detection in tubular domains. Corrosion may occur in
many different forms, and several models are encountered in the literature (seeChaabaneet al., 2003b;
Kaup & Santosa, 1995; Kaup et al., 1996; Santosaet al., 1998). Evaluating the electrical impedance,
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which is actually the Robin coefficient, on the internal wall of a hollow pipe from measurements per-
formed on the external wall turns out to be an appropriate way to locate the corroded parts of the internal
wall. Santosaet al.(1998) have given a simple linear model proving how corrosion affects the electrical
impedance. For this model, there is a significant work due toFasino & Inglese(1999a,b) for identifying
Robin coefficients. This was achieved by means of an imposed flux and measured potential on the acces-
sible part of the boundary of the domain. The numerical scheme adopted was based on a Fourier series
expansion and shows instability for thicker domains. Some uniqueness results were given byChaabane
& Jaoua(1999) for simply connected 2D domains for continuous Robin coefficients bounded below:
similar properties hold for doubly connected domains, seeLeblondet al. (2006).

Chaabaneet al.(2003a) proposed an identification algorithm based on a least squares minimization,
an idea attributed toKohn & Vogelius(1997) and developed inChaabane & Jaoua(1999); the algorithm
consists of comparing solutions corresponding to Robin–Dirichlet and Robin–Neumann boundary con-
ditions, which coincide at the actual solution. This method smooths out possible oscillations in the
impedance, which may give information on the regions of corrosion.

Since the Robin coefficient may be recovered from the completed Cauchy data, this problem reduces
to solving a Cauchy problem for the Laplace operator. Among recent approaches to the Cauchy problem,
we mentionKabanikhin & Karchevsky(1995) who used an optimization (gradient) method in order to
minimize the quadratic norm on the accessible part of the boundary.Klibanov & Santosa(1995) used a
quasi-reversible method to resolve the problem, combined with Carleman-type estimations. InKozlov
et al.(1991), an iterative algorithm is provided, which proceeds by resolving alternatively Neumann and
Dirichlet problems; it converges in classes of compatible boundary data, although rather slowly.

The data completion problems that we consider have been widely studied in the case of simply
connected domains, which can be conformally mapped on the unit disc, as inChaabaneet al. (2003b).
The method we wish to generalize here to annular domains is to construct analytic approximations
by solving a bounded extremal problem (BEP) there. Such a construction uses an implicit asymptotic
expansion of the analytic approximant, and it needs to determine by some appropriate procedure the
actual bound of that approximant in order to stabilize the whole algorithm.

The first issue to tackle is thus to obtain asymptotic expansions in annular domains. Provided full
data are available on the whole of the outer boundary, such formulae have already been obtained in
Smith (2005), and stability estimates for the inverse problem (with suitable norms) have been estab-
lished as consequences of boundedness properties for functions of weighted Hardy classes inLeblond
et al. (2006), from which the present work originates. In most practical cases, however, full data cannot
be expected. In the present work, implicit formulae of the analytic approximant have therefore been
sought and obtained for the incomplete data case. Continuity with respect to the data of the computed
approximants has also been proved; this makes it possible to use the formulae as a basic tool in the
algorithmic part.

In order to produce an accurate approximant, it has already been noted (seeChaabaneet al., 2003b)
that the numerical algorithms need sharp information on the actual bound of the data sought. The issues
of computing both these data and the bound on them thus need to be dealt with simultaneously. This has
been achieved in the present work by characterizing the actual bound as the unique zero of an appropriate
function. Robustness properties of the designed procedure are improved by applying it to thenth-order
derivatives of the data, instead of the data themselves, working in certain Sobolev classes of smoother
functions, provided of course that the prescribed data meet this additional regularity requirements. A
whole family of algorithms, more robust as their order increases, is designed this way.

In Section2 of this paper, we introduce the inverse Robin problem and recall the identifiability
and stability results as obtained inChaabane & Jaoua(1999) and Leblond et al. (2006). Section3
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