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Abstract
We are interested in this paper in recovering lacking data on some part of a
domain boundary, from the knowledge of Cauchy data on the other part. It is
first proved that the desired solution is the unique fixed point of some appropriate
operator, which naturally gives rise to an iterative process that is proved to be
convergent. Discretization provides an additional regularization: the algorithm
reads as a least square fitting of the given data, with a regularization term the
effect of which fades as iterations go on. Displayed numerical results highlight
its accuracy, as well as its robustness.

1. Introduction

We consider in this paper the inverse problem of recovering lacking data on some part of the
boundary of a domain from Cauchy data on the other part. We shall be presenting the issue in
the framework of the steady state heat equation, although the algorithm works as well in the
case of elastostatics, and may be extended to various operators. Given a heat flux ψd on a part
�d of the boundary of an open set �, and measuring the temperature ϕd on �d , it has been
proved in several situations that this information is enough to recover flaws inside the body,
such as inclusions or cracks, provided the given flux is properly chosen. Intending to use fast
algorithms based on the reciprocity gap [2,3,6], one needs, however, to hold complete data (i.e.
data on the whole boundary), which is not a realistic requirement in several situations where
parts of this boundary are not accessible to measurements. The recovery of the lacking data
from the measured ones thus appears as a mandatory first step in the reconstruction process.
In a somewhat different problem, such as identification of an exchange coefficient arising in
corrosion detection [7, 11, 14], recovery of the lacking data may also be a way to solve.

Provided the data (ϕd, ψd) we are trying to extend are compatible, which means that this
pair is indeed the trace of a single harmonic function (i.e. ϕd = u|�d

; ψd = ∂nu|�d
for some
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harmonic function u), such an attempt seems reasonable. Due to noise effects, compatible data
are, however, not expected and, on the other hand, the Cauchy problem is well known—since
Hadamard—to be severely ill posed: given any pair (ϕd, ψd)on�d , it is possible to approximate
it as closely as desired on �d by the traces of a single harmonic function, the price to pay for
that being a hectic behaviour of this function on the remaining part of the boundary [4, 5].
Actually, this is a result of the density of the compatible data in the space of incompatible ones,
which makes it impossible to get a least squares fitting of the incompatible data by compatible
ones. Regularization is thus needed to define an analogy to the Moore–Penrose pseudo-inverse
operator, and not only to provide this latter with continuity [10, 16].

In this paper, we use an iterated Tikhonov regularization method [9, 13], the additional
regularizing term being the distance between two successive iterated solutions. This choice
makes the term fade while proceeding along with the algorithm, which eventually provides us,
in the case the data to extend are compatible, with the solution of the genuine inverse problem,
not with that of some problem close to it [8]. We first characterize the extended solution as the
fixed point of an appropriate operator, and analyse the convergence of the algorithm starting
from this point. Strong convergence is proved on the part �d of the boundary, whereas only
weak convergence is achieved on the remaining part of the boundary. If the reconstructed
data are intended to be used in a reciprocity gap-based algorithm, such a weak convergence
might be sufficient since these data are only needed for the computation of boundary integrals.
However, strong convergence is also achieved provided the solution and the boundary are
smooth enough.

The issue remains open for the continuous case of incompatible data, for it is not
clear which ‘solution’ the algorithm should converge to. Nonetheless, discretization using
a proper finite element scheme brings back the problem to the usual framework [10], yielding
a convergence result dependent on the mesh size. Numerical results show accuracy and
robustness.

2. The data completion problem

2.1. Notations and preliminary results

Let � be an open bounded set in R
2 or R

3, with a smooth boundary �. Moreover, let us
consider a partition of this boundary

� = �d ∪ �u

where �d and �u are open parts of the boundary with positive measures.
The problem we are dealing with is to reconstruct a harmonic function u that fits some

prescribed data on �d . The solution we are trying to recover then belongs to the set

H(�) := {
v ∈ H 1(�) ; �v = 0 in �

}
. (1)

H(�) is obviously a closed subset of H 1(�), which makes it a Hilbert space when equipped
with the H 1(�) scalar product. Moreover, it is a subspace of

H(�;�) := {
v ∈ H 1(�) ; �v ∈ L2(�)

}
which makes it possible to define the normal derivative traces of functions belonging to this
space, as elements of H− 1

2 (�). Therefore, the traces (v|�, ∂nv|�) of H(�) functions span the
space H(�) of compatible data pairs:

H(�) := {
φ = (ϕ, ψ) ∈ H

1
2 (�) × H− 1

2 (�); ∃v ∈ H(�) such that v|� = ϕ and ∂nv|� = ψ
}

(2)

and the following result holds.
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Lemma 1. H(�) is a closed subspace of H
1
2 (�)×H− 1

2 (�), and it is therefore a Hilbert space
when equipped with the scalar product:

〈φ , φ′〉� := 〈ϕ, ϕ′〉 1
2 ,�

+ 〈ψ,ψ ′〉− 1
2 ,�

. (3)

Proof. Let (ϕk, ψk) be a sequence in H(�), convergent to (ϕ, ψ) ∈ H
1
2 (�) × H− 1

2 (�). We
need to prove that (ϕ, ψ) ∈ H(�).

Let uk and u solve in H 1(�) the following Dirichlet problems:

�uk = 0 in �

uk = ϕk on �
and

�u = 0 in �

u = ϕ on �.
(4)

The mapping

H
1
2 (�) �−→ H 1(�)

ϕ �−→ u
(5)

is continuous, yielding limk→0 ‖uk − u‖1,� = 0. Moreover, this convergence holds in
H(�;�) and hence limk→0 ‖∂nuk − ∂nu‖− 1

2 ,�
= 0. We derive that

ϕ = u|� and ψ = ∂nu|�
which means (ϕ, ψ) ∈ H(�). �

Remark. According to the above result, the mapping

H(�) �−→ H(�)

u �−→ (u|�, ∂nu|�) (6)

is an isomorphism. There is thus no confusion in denoting by u either an element of H(�) or
the related compatible boundary pair (u|�, ∂nu|�) ∈ H(�), which we shall often do for the
sake of simplicity.

Hd , or H(�d), is the space of restrictions to �d of compatible pairs. Elements of H− 1
2 (�d)

are restrictions to �d of distributions in H− 1
2 (�). H− 1

2 (�d) is thus the dual space of H
1
2

00(�d),
which is the subspace of functions of H

1
2 (�d) continuously extendable by zero as elements of

H
1
2 (�) (see [12]). Given τ ∈ H− 1

2 (�), its restriction τd is thus defined by

〈τd, ϕd〉 := 〈τ, ϕ̃d〉 ∀ϕd ∈ H
1
2

00(�d)

where ϕ̃d stands for the extension by zero of ϕd to the whole boundary. Hu is defined in a
similar way.

Let us denote by X (or by X(�)) the space H
1
2 (�) × H− 1

2 (�), and by Xd the space
H

1
2 (�d) × H− 1

2 (�d). Given two elements u and v in H(�;�), let us define

〈u, v〉� := 〈u, v〉 1
2 ,�

+ 〈∂nu, ∂nv〉− 1
2 ,�

.

Given u ∈ H(�;�) and a pair φ := (ϕ, ψ) ∈ H
1
2 (�) × H− 1

2 (�), let us also denote

〈u − φ, v〉� := 〈u − ϕ, v〉 1
2 ,�

+ 〈∂nu − ψ, ∂nv〉− 1
2 ,�

.

The norm induced by the scalar product in � will be denoted by ‖ · ‖� . The Xd scalar product
and norm are defined in a similar way.



556 A Cimetière et al

2.2. The least square harmonic lift problem

Given now data φd = (ϕd, ψd) ∈ Xd , the harmonic lift problem is the following:

Find u ∈ H(�) such that u = φd on �d. (7)

Problem (7) has no solution in general, unless the data are compatible, which means φd ∈ Hd .
In that case, the solution is unique, thanks to the Holmgren theorem, but it does not depend
continuously on the data, as pointed out by Hadamard and reported, for instance, in [15]. Data
coming from measurements are not expected to be compatible, and we shall thus be interested
in fitting them in a least square sense, rather than exactly. However, it was noted in [4] that
such an attempt has no chance of being successful: solutions can be found as close as desired
to the given data on �d , provided hectic behaviours on the remaining part of the boundary are
accepted. Some clues about the solution behaviour on the remaining part of the boundary are
therefore needed in order to turn the least square problem into a well posed one. To this end,
let us define a pattern φ ∈ H(�) ‘guessing’ what the desired solution should look like, and
define the cost function Jc, for any v ∈ X, as follows:

Jc(v) := ‖v − φd‖2
�d

+ c ‖v − φ‖2
� . (8)

The positive weight coefficient c is essential to make the least squares fitting of the prescribed
data a well posed problem. Its role may also be viewed as a balancing of the confidence put
on the pattern φ, with respect to the one granted to the data φd . The least square harmonic lift
problem (LSL) we are now interested in reads as follows:

Find u ∈ H(�) such that Jc(u) � Jc(v) ∀ v ∈ H(�). (9)

Lemma 2. The LSL problem (9) has a unique solution characterized by

〈u − φd, v〉�d
+ c〈u − φ, v〉� = 0 ∀v ∈ H(�). (10)

Proof. Jc is strictly convex and continuous on H(�). Since c > 0, we also have

lim
‖v‖H(�)→∞

Jc(v) = +∞.

Problem (9) has therefore a unique solution, the characterization of which follows
immediately. �

Let us now consider the data completion problem: we are given incomplete though
compatible data, on the part �d of the boundary. Let φd = (ϕd, ψd) ∈ Hd be these data.
Our first goal is to find the pair φ = (ϕ, ψ) in H(�) that extends (ϕd, ψd) to the whole
boundary. Behind this goal, the actual one is, given a noisy hence incompatible data pair
on �d , to find a compatible pair (ϕ, ψ) on � that would ‘extend’ these data in an appropriate
sense.

Let φ = (ϕ, ψ) be a pair in X, and uφ be the solution of the LSL problem with φd as
given data and φ as a pattern. It should not be expected that uφ|� match φ (in the sense that
uφ|� = ϕ and ∂nuφ|� = ψ), since φ is not even a compatible data pair, and the LSL solution is,
moreover, required to fit φd on �d . However, if it does, then obviously (ϕ, ψ) is a compatible
pair. In that case, we are going to prove that φ is the desired harmonic extension of φd on the
whole boundary �, and hence uφ solves the exact lift problem (7).

Let T be the operator

T : H(�) �−→ H(�)

φ �−→ uφ
(11)

where uφ solves the (LSL) problem related to (φd, φ).
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Theorem 1. Assuming the given data φd = (ϕd, ψd) are compatible, then T has a unique
fixed point, which is the unique extension of these data to the whole boundary.

Proof. Let φ = (ϕ, ψ) be a fixed point of T . Then∥∥uφ − φd

∥∥2
�d

� ‖v − φd‖2
�d

+ c ‖v − φ‖2
� ∀ v ∈ H(�).

Let now ud be the harmonic lift of the compatible data φd , which we are going to prove is
exactly uφ . For λ ∈]−1,+1[, let us use the above inequation with the following test functions:

v = (1 − λ)ud + λuφ.

We get∥∥uφ − φd

∥∥2
�d

�
∥∥(1 − λ)ud + λuφ − φd

∥∥2
�d

+ c
∥∥(1 − λ)ud + λuφ − φ

∥∥2
�

and, since ud matches φd on �d and uφ matches φ on �,∥∥uφ − φd

∥∥2
�d

� λ2
∥∥uφ − φd

∥∥2
�d

+ c (1 − λ)2 ‖ud − φ‖2
�

which yields ∥∥uφ − ud
∥∥2
�d

� c
1 − λ

1 + λ

∥∥ud − uφ
∥∥2
�
.

By making λ → 1, it comes out that uφ = ud on �d , and since both of them are elements of
H(�), this yields uφ ≡ ud . φ is hence the harmonic extension of φd , which is unique. �

Remark. It should be pointed out that this fixed point does not depend on c.

3. The fixed point process

Trying to recover the fixed point of T , it is now natural to propose the following fixed point
process, which turns out to be the iterated Tikhonov algorithm:

(1) Initialization. Choose any pattern u0 ∈ H(�) (actually, 0 can do)
(2) Iteration. Given uk ∈ H(�), solve the LSL problem related to (φd, u

k) in order to get
uk+1 = T (uk) ∈ H(�), characterized by

〈uk+1 − φd, v〉�d
+ c〈uk+1 − uk, v〉� = 0 ∀v ∈ H(�). (12)

The problem we are dealing with, however, does not match the general theory reported in [10].
Defining the restriction operator

K : H(�) �−→ F

(u, ∂nu) �−→ (u|�d
, ∂nu|�d

)
(13)

we can either choose F := H(�d) or F = Xd . The first choice is not relevant, for F is not
a Hilbert space when equipped with the H(�d) scalar product, which makes K bounded, its
closure being Xd . In the second case, the range of K is H(�d), which is dense in F . There is
hence no way to fit the prescribed data in a usual least squares sense, unless the regularizing
term is added to the functional. This is the reason why the convergence results obtained here
are weaker than the general theory ones [10]. Further, these results do not address noisy (i.e.
incompatible) data, for there is no ‘solution’ for the algorithm to converge to in that case.
However, discretization brings an additional regularization, by drawing back the problem to
the general framework, as will be seen in section 4. The following lemma is the first step in
the convergence proof in the continuous case.
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Lemma 3. The sequence (uk)k�1 produced by the fixed point algorithm verifies for all n ∈ N:

‖un+1 − ud‖2
� +

n∑
k=0

‖uk+1 − uk‖2
� +

2

c

n∑
k=0

‖uk+1 − ud‖2
�d

= ‖u0 − ud‖2
�. (14)

Proof.

‖uk+1 − ud‖2
� = 〈(uk+1 − uk) + (uk − ud), (u

k+1 − uk) + (uk − ud)〉�
= ‖uk − ud‖2

� + ‖uk+1 − uk‖2
� + 2〈uk − ud, u

k+1 − uk〉�
= ‖uk − ud‖2

� − ‖uk+1 − uk‖2
� + 2〈uk+1 − ud, u

k+1 − uk〉�. (15)

Using the characterization (12) of uk+1 with v = uk+1 − ud as a test function, we get

〈uk+1 − ud , u
k+1 − uk〉� = − 1

c
‖uk+1 − ud‖2

�d
.

Plotting this in (15), we obtain

‖uk+1 − ud‖2
� + ‖uk+1 − uk‖2

� +
2

c
‖uk+1 − ud‖2

�d
= ‖uk − ud‖2

�.

Adding these equalities for 0 � k � n then yields (14). �
Theorem 2 (Convergence of the sequence). Let ud = (ϕd, ψd) be a given pair of compatible
data on �d . Therefore, the sequence (uk)k�1 computed by the fixed point algorithm strongly
converges to ud on �d , and it weakly converges on the whole boundary:

lim
k→∞

‖uk − ud‖�d
= 0.

Proof. From (14), we derive that
∞∑
k=0

‖uk+1 − ud‖2
�d

< ∞

which immediately yields the strong convergence result limk→∞ ‖uk+1 − ud‖�d
= 0.

To prove the weak convergence of the sequence on the whole boundary, let us take the
following steps.

(1) Weak convergence in H(�) of a subsequence uµ to ud .
From (14), we know that ‖uk − ud‖� is a bounded sequence. The sequence (uk)k�1 is

therefore a bounded sequence of H(�), which has been proved in lemma 1 to be a Hilbert thus
reflexive space. There therefore exists a subsequence of uk , that we shall denote by uµ, which
weakly converges in H(�). Let u be its limit.

Writing down the characterization equation for uµ, with u− ud as a test function, we get

〈uµ − ud , u − ud〉�d
+ c 〈uµ − uµ−1 , u − ud〉� = 0.

Making µ → ∞ hence yields

‖u − ud‖2
�d

= 0

from which we derive, since both functions are harmonic, that u ≡ ud on the whole
boundary �.

(2) Weak convergence of the whole sequence. Assuming it does not hold, we derive the
existence of v ∈ H(�) and ε > 0 such that

∀N ∈ N, ∃n = n(N) > N such that
∣∣〈un − ud, v〉�

∣∣ � ε.

This gives rise to a subsequence uν such that

∀ν ∈ N, |〈uν − ud, v〉�| � ε. (16)

On the other hand, uν is bounded in H(�) sinceuk is. It is thus possible to find out a subsequence
of it which weakly converges on �, and since limν→∞ ‖uν −ud‖�d

= 0, its limit is necessarily
ud , which contradicts (16). �
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Corollary 1 (Strong convergence on the whole boundary). The first part of uk (i.e. the
function, not the normal derivative) coming out from the fixed point algorithm strongly
converges to the first part of ud in Lq(�) for

• 1 � q < ∞ in the 2D case
• 1 � q < 4 in the 3D case.

Proof. The sequence uk|� is bounded in H
1
2 (�). This space is compactly embedded in

Lq(�)∀q ; 1 � q < ∞ in the 2D case, and ∀q ; 1 � q < 4 in the 3D case [1]. Let q
be such a real number. A convergent subsequence of uk can therefore be found in Lq(�), and
its limit can obviously be nothing but ud . As for theorem 2, the whole sequence converges in
Lq(�). �

Remark. Provided that the desired solution holds some extra regularity, say u ∈ H 2(�), then
the whole study can be carried out in the space H

3
2 (�)×H

1
2 (�) instead of H

1
2 (�)×H− 1

2 (�).
Of course, the cost function needs to be modified accordingly. Strong convergence to ud is
then derived in H

3
2 (�d) × H

1
2 (�d), as well as weak convergence in H

3
2 (�) × H

1
2 (�).

The key result is that this space is indeed a Hilbert one, when equipped with the appropriate
scalar product:

〈φ , φ′〉� := 〈ϕ, ϕ′〉 3
2 ,�

+ 〈ψ,ψ ′〉 1
2 ,�

.

The estimates come out exactly the same way as described above. What is gained is the
strong convergence on � of the normal derivatives ∂nuk in addition to the convergence of uk .
According to the Rellich–Kondrachov and Sobolev embeddings [1], the spaces where such
convergences occur are C0,β(�) × Lq(�) with

• β < 1 and q < ∞ in the 2D case
• β < 1

2 and q < 4 in the 3D case.

4. Numerical implementation and results

4.1. The discrete problem

The first issue in this section is to discretize the set H(�) the minimization problem is living
in. Our main concern has been to make use of any ordinary finite element code, not to work
out a peculiar one. As a matter of fact, computations have been run using Castem 2000 and
piecewise linear finite elements, which means a piecewise constant approximation for the
normal derivatives. Let u be an harmonic function in H 1(�): we have

u ∈ H(�) ⇐⇒
∫
�

∇u∇v =
∫
�

∂u

∂n
v ∀ v ∈ H 1(�). (17)

It emerges that H(�) may thus be characterized as follows:

H(�) =
{
(ϕ, ϕ′) ∈ H

1
2 (�) × H− 1

2 (�) ; ∃u ∈ H 1(�) ; u |� = ϕ

and
∫
�

∇u∇v =
∫
�

ϕ′v ∀v ∈ H 1(�)

}
.

(18)

Let us now discretize the domain �, h being the discretization parameter standing for the
element size, leading to n nodes and n′ elements on the boundary, and m nodes inside the
domain. Let Vh be the space of piecewise linear functions with respect to this mesh, and let
us define Vh(�) and Wh(�) as the spaces of piecewise linear and piecewise constant functions
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on the boundary. Traces of functions belonging to Vh(�) span the space Vh(�), whereas their
normal derivatives belong to the space Wh(�) of piecewise constant functions, which are in
addition circulation free. It is thus natural to define

Hh(�) =
{
(ϕh, ϕ

′
h) ∈ Vh(�) × Wh(�) ; ∃uh ∈ Vh(�) ; uh |� = ϕh

and
∫
�

∇uh∇vh =
∫
�

ϕ′
hvh ∀vh ∈ Vh(�)

}
.

(19)

Actually, ϕ′
h is the normal derivative of uh in a weak sense, not exactly.

Let us now depict the effective computational scheme implemented. Defining to this end
U and U ′ as the n and n′ vectors standing for the values of uh and ∂nuh on the boundary, and
U ∗ the m-vector of internal nodal values of uh, the discrete compatibility as set in (19) may
also read as follows:(

A11 AT
21 0

A21 A22 −B

)(U ∗

U

U ′

)
=
(

0
0

)
. (20)

Being the m × m stiffness matrix corresponding to the homogeneous Dirichlet problem, A11

is invertible, which allows us to perform a condensation by expressing the internal unknowns
U ∗ in terms of the boundary ones U and U ′. Equation (20) then reduces to(

A22 − A21 A
−1
11 AT

21

)
U − B U ′ = 0 (21)

the matrix form of which is the following:[(
A22 − A21 A

−1
11 AT

21

) ; −B
] [ U

U ′

]
= 0Rn . (22)

The relationship (22) is actually the matrix form for the discrete compatibility as defined in [8].
Denoting by Eh the linear operator mapping R

n×R
n′

onto R
n in (22), the approximation space

Hh(�) is

Hh(�) = {
(U,U ′) ∈ R

n × R
n′ ; Eh(U,U ′) = 0

}
. (23)

Given now c > 0 and (Uk, U
′
k) ∈ Hh(�), iteration (k + 1) of the discretized fixed point

algorithm reads as follows:

Find (Uk+1, U
′
k+1) ∈ Hh(�) such that :

Jk(Uk+1, U
′
k+1) � Jk(V, V

′) ∀ (V , V ′) ∈ Hh(�)
(24)

where Jk is the discretized least square function. It should be pointed out that a L2 × L2

norm has been used in the discrete cost function, instead of the H
1
2 × H− 1

2 one. Apart from
reasons of simplicity, and the fact that all finite-dimensional norms are eventually equivalent3,
the reason why such a choice has been adopted is that numerical trials using a H 1 × L2 norm
have shown no improvement in the outcome.

Problem (24) is a minimization problem in R
n × R

n′
under the n equality constraints

expressed by (21), the solution of which thus verifies

∇Jk(Uk+1, U
′
k+1) = *T

k+1 ∇Eh(Uk+1, U
′
k+1)

Eh(Uk+1, U
′
k+1) = 0

(25)

where *k+1 is the n-vector of Lagrange multipliers resulting from the equality constraints.

3 Choosing a L2 ×L2 norm involves magnifying the part of the normal derivatives with respect to the function’s one
in the least square function, the amplification factor being 1/h. This is equivalent to dropping, in the least square
function, the contribution of the tangential derivatives, which are calculated from the function values by numerical
derivation, hence holding less accuracy yet providing no additional information.
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Each iteration in the fixed point algorithm needs the solution of a 2n + n′ linear system,
the matrix of which needs to be computed only once, or more precisely only each time
the coefficient c is modified, if ever. This is the reason why a direct algorithm (the Crout
factorization) has been preferred to iterative methods.

4.2. Convergence of the discrete algorithm

The convergence analysis cannot be carried out in a similar way to the continuous case, since
there is no discrete analogous to Holmgren’s theorem to rely on. Let µ be the dimension of
Hh(�), and νd the number of prescribed data. Denoting by nd the number of nodes carried
by �d , we have for the above-described finite element approximation scheme in the 2D case
νd = 2nd − 1.

Solving the ‘discrete Cauchy problem’ amounts to picking out in Hh(�) a function that
exactly fits the νd given data. Such an attempt is obviously hopeless if νd > µ, in which case
a least square fitting of these data would however make sense since 〈· , ·〉�d

is a scalar product
on Hh(�). In the opposite case νd � µ, there may be infinitely many solutions, defined up to
an element from the kernel of the ‘trace on �d operator’. Let Zh be that kernel:

Zh(�) = {
zh ∈ Hh(�) ; zh|�d

= 0
}
. (26)

Let us denote by Yh(�) its orthogonal subspace in Hh(�),

Yh(�) := Z⊥
h = {yh ∈ Hh(�) ; 〈yh, zh〉� = 0 ∀zh ∈ Zh} . (27)

Given now any data ud ∈ H
1
2 (�d)×H− 1

2 (�d), the discrete Cauchy problem is the following:

Find udh ∈ Yh(�) such that : 〈udh − πhud , yh〉�d
0 ∀ yh ∈ Yh(�) (28)

where πh is the interpolation operator from Xd onto Xh
d . Problem (28) is a well posed one,

addressing both situations described above. In the first one, Yh is the whole space Hh, and the
solution of problem (28) is hence nothing but the least square fit of the prescribed data with
respect to the norm ‖ · ‖�d

. In the second, udh also represents a least square fit, the closest one
to zero among all the possible fits. Given the restriction operator τh,

τh : Hh(�) �−→ Xh(�d)

vh �−→ vh|�d

(29)

its range is Hh(�d) whereas its kernel is Zh. We are brought back to the general framework as
explained in [10], udh being thus nothing but the image by the Moore–Penrose pseudo-inverse
operator τ †

h of the prescribed data πhu
d :

udh = τ
†
h (πhud).

This provides the following convergence result.

Proposition 1. Initializing with zero the algorithm (24), the outcoming sequence (ukh)k�0 holds
the following properties:

(i) ukh ∈ Yh(�) ∀k � 0.
(ii) The sequence converges to the unique solution of the discrete Cauchy problem (28).

(iii) Given a mesh, and a value of the positive parameter c, there exists a positive constant αh

depending on the mesh and the partition of the boundary such that

‖ukh − udh‖� �
(

c

c + αh

)k
‖udh‖�. (30)
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Proof. Although the result is a straightforward consequence of the formulation of the discrete
problem in the general framework [10], displaying its proof is useful to find out what the
constant αh is. uk+1

h solves the minimization problem in Hh, and is characterized by

〈uk+1
h − πhud , vh〉�d

+ c 〈uk+1
h − ukh , vh〉� = 0 ∀ vh ∈ Hh.

Let ukh := zkh + ykh, with zkh ∈ Zh(�) and ykh ∈ Yh(�). From the above characterization, we
derive

0 + c 〈zk+1
h − zkh , zh〉� 0 ∀ zh ∈ Zh (31)

and also

〈yk+1
h − πhud , yh〉�d

+ c 〈yk+1
h − ykh , yh〉� = 0 ∀ yh ∈ Yh. (32)

From equation (31), we derive that zkh = 0 ∀k � 1, since z0
h = 0, and thus that ukh = ykh

∀k � 1. As for equation (32), the first part of its left-hand side can be rewritten, using the
solution udh of the discrete Cauchy problem (28), and we get

〈uk+1
h − udh , yh〉�d

+ c 〈uk+1
h − ukh , yh〉� = 0 ∀ yh ∈ Yh. (33)

Choosing now yh = uk+1
h − udh in equation (33), we get

‖uk+1
h − udh‖2

�d
+ c 〈uk+1

h − ukh , u
k+1
h − udh〉� = 0

and further, by setting uk+1
h − ukh = (uk+1

h − udh) − (ukh − udh):

‖uk+1
h − udh‖2

�d
+ c ‖uk+1

h − udh‖2
� � c ‖uk+1

h − udh‖� ‖uk − udh‖�.
On Yh, ‖·‖�d

defines a norm, hence equivalent to ‖·‖� , and there exists some positive constant
αh such that

(αh + c)‖uk+1
h − udh‖� � c ‖uk − udh‖�

which ends the proof. �
Remarks.

(1) Initializing the algorithm with any first guess other than zero, i.e. with u0
h := y0

h + z0
h,

then convergence will be achieved to z0
h + udh instead of udh. Actually, the iterations only

operate on the Yh component, leaving unchanged the Zh one.
(2) Given a mesh size h, estimate (30) suggests that the smaller is c, the faster the convergence.

The value c = 0 must, however, be avoided, for τ †
h is not continuous in that case.

(3) Estimate (30) provides no clue to the behaviour of the algorithm with respect to h. For a
given c, the convergence result is actually lost when h → 0, since limh→0 αh = 0.

4.3. Numerical results

The numerical study of the fixed point algorithm features have been outlined in a 2D situation,
the domain � being the disc with radius 1

2 centred at ( 1
2 ,

1
2 ), and the function u to be

approximated being the following:

u(x, y) = cos x cosh y + sin x sinh y.

First of all, displayed in figure 1 are the reconstructed solutions using a fine regular mesh of
360 nodes on the boundary, half of which carries prescribed data. Two values of coefficient c
have been considered: 10−5 and 10−8.

Further 2D cases, as well as a 3D one, were run afterwards, in order to emphasize the
algorithm’s possibilities, and its limitations as well.
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Figure 1. Reconstruction of the function (a) and its normal derivative (b).
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Figure 2. Errors on the function (a) and its normal derivative (b) with respect to the mesh.

4.3.1. Behaviour with respect to the mesh. Figure 2 displays the L2 and L∞ errors on the
boundary, regarding both u and ∂nu, with respect to the number N of nodes on the boundary.
Given data have been prescribed on half of the boundary.

Fifty nodes on the boundary are enough to recover u with less than a 1%L2 error, whereas
the error on the normal derivative remains at a somewhat high (10%) level. Reducing this
error to below a 5% level requires raising the mesh up to 200 nodes on the boundary. Yet, the
computational time remains reasonable.

4.3.2. Sensitivity to the c parameter. Recall that this parameter has been introduced in order
to balance the confidence put on the pattern, which is basically the reconstructed part of the
solution, with respect to the one put on the prescribed data.

From a theoretical point of view, the algorithm is convergent whatever the value of c is.
As noted above, estimate (30) suggests that the convergence rate improves when c decreases
to zero, which is confirmed by trials reported in figure 3(b), whereas figure 3(a) shows the
insensitivity of the error with respect to it.

It thus seems reasonable to choose the smallest possible value for c. From a numerical
point of view, however, it has been noticed that c needs to be updated while proceeding with
iterations. The reason for this is that the regularization part in the cost function, which is the
distance between two successive iterates, decreases faster than the distance to the prescribed
data, becoming neglectible with respect to it. Since this regularization part is ensuring well
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Figure 3. Errors on the function (a) and number of iterations (b) with respect to c.

posedness to the problem solved, it needs to be prevented from collapsing, which is achieved
by enhancing c.

4.3.3. Sensitivity to the ratio of given data. Although the theory has nothing to do with it, it is
important to study the effect of the ratio of prescribed data, with respect to the unknown ones,
on the algorithm outcome. This ratio can be measured by the following single parameter ρ:

ρ := meas (�d)

meas (�)
.

It is not surprising that figure 4 shows improvement of both the function and normal derivative
recovery when increasing this ratio.

The above ratio ρ is the objective one. From a numerical point of view, however, another
relevant ratio to consider is the following:

ρh := nd

n

where nd is the number of nodes on the part�d of the boundary, and n the total number of nodes.
In the case of uniform meshes, both ratios are, of course, equivalent. An interesting issue to
investigate is how sensitive to the ratioρh the recovery is, for a given value ofρ, and a given total
number N of nodes on the boundary, meaning a given computational cost. Numerical trials
that the plots in figures 5(a) and (b) are made from were run with 360 nodes on the boundary,
and ρ = 1/6. What can be deduced from these trials is that significant improvements in the
recovery may be gained by mere redistribution of the nodes on the boundary, increasing the
number of nodes on �d , and hence the number of given data, and decreasing accordingly the
number of those on �u.

As for plots (c) and (d) in figure 5, they both display runs with ρ = 1/4 and nd = 18,
the first one with a coarse mesh using 36 nodes on the whole boundary, and the second with a
fine one using 360 nodes. As expected, the accuracy is not improved by mere refinement of
the mesh on �u if no additional data is provided on �d . This means that the reconstruction
accuracy depends only on the amount of given data. What is highlighted, on the other hand,
is the remarkable robustness of the algorithm, since convergence is achieved even with a very
low number of prescribed data.

4.3.4. Non-smooth data. The recovery of non-smooth functions is an important issue to
investigate. In the case of smooth boundaries, we mean by ‘non-smooth’ functions those
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Figure 4. Reconstructed solutions (a), (c) and errors (b), (d) with respect to the ratio of given data
(uniform mesh).
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Figure 6. Reconstruction of the function (a) and its normal derivative (b) in the case of singular
data resulting from an internal crack.
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Figure 7. Reconstruction of normal derivatives in the case of non smooth data: square domain
with prescribed data on two adjacent (a) or opposite (b) sides.

with large derivatives, whereas in the case that the boundary itself is non-smooth, the normal
derivative is discontinuous even if the solution is smooth. Singular solutions may also result
from bodies carrying cracks inside. In such a case, the solution is not even harmonic in �.
In order to retrieve the lacking data, we thus need to consider the problem in a ring-shaped
domain lying between � and some fictitious boundary surrounding the crack. However, in
doing so, we are extending the part of unknown data with respect to that of the prescribed
data. Figure 6 displays the reconstructed solution and its normal derivative in such a case,
with ρ = 3

4 , which actually means that data are prescribed on 3
8 of the boundary, including the

fictitious part of it. What this example shows is good accuracy in reconstructing the function
itself, whereas the reconstruction of its normal derivative is less satisfactory.

Figure 6 shows what may happen in such situations. It is not surprising that the function
reconstruction is better than its normal derivative’s. As has already been noted, an average
approximation of the normal derivative is actually good enough in order to compute with
an acceptable accuracy the boundary integrals needed by a reciprocity gap-based algorithm.
Besides, the normal derivative is in such a case the given flux, generally prescribed on the
whole boundary, which hence needs no reconstruction.

Figures 7(a) and (b) are related to runs on the unit square [0, 1] × [0, 1], with prescribed
data on half the boundary. As for the normal derivative discontinuities, they are well captured
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Figure 8. Reconstruction of normal derivatives in the case of non-smooth data: singular function
of ‘crack type’ (a), (b); strongly singular functions (c), (d).

in the smart case of prescribed data on two opposite sides of the square, whereas this is no
longer the case when the data are prescribed on two successive sides.

Plots (a) and (b) in figure 8 deal with the reconstruction of singular data, coming from the
function

u1 := Re (z − a)
1
2

where a = (1.01, 0). Plots (c) and (d) display runs with the following ‘singular’ function,
with a = (1.5, 0) in the first case and a = (1.1, 0) in the second:

u2 := Re
1

(z − a)
.

In both cases, the domain is the unit circle. Choosing a ∈ �, the function u1 would belong to
Hs(�) for s < 1, whereas u2 would not even belong to L2(�). Function u1 is the singular part
of the solution in the case of a cracked domain, a being the crack tip. In both cases, we have
been trying to reconstruct the singular part of the data from its smoother part. Although the
reconstruction of the function itself causes no problem, the normal derivative ‘discontinuity’
requires, in order to be reasonably captured, that prescribed data be provided on a large enough
part of the boundary (ρ = 2/3).

4.3.5. Noisy data. We attempt in this section to perform reconstruction from given noisy
data, as shown in figure 9. Figure 10 shows the error on the reconstructed function with
respect to the noise level on the data. In both cases (noise on u or on ∂nu), the reconstruction
is incredibly robust: it resists to a 60% noise level, still reconstructing the data up to a 10%
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Figure 11. Error on the normal derivative reconstruction w.r.t. noise level onu (a) and on du/dn (b).

maximum norm error or so. As expected, the situation is not so good in regard to the normal
derivative reconstruction, as shown by figure 11.

What actually happens is that the algorithm performs a deblurring task on the prescribed
Dirichlet data (figure 12(a)), in addition to the reconstruction one, whereas it is not able to get
rid in such an efficient way of the noise pollution on the normal derivatives, as pointed out by
figure 12(b), the error on the normal derivatives remaining anyway at a somewhat high level.
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Figure 12. Deblurring 10% noisy Dirichlet (a) or Neumann (b) data.

5. Conclusion

The algorithm we have presented in this paper has several features that make it an effective
tool in solving data completion problems:

• Versatility. Although the study has been carried out for the Laplacian, there is no obstacle
to developing the same approach for other operators, in both 2D and 3D situations. What is
needed is simply the ability to solve the forward problem by condensation of the unknowns
on the boundary.

• Accuracy. The reconstruction is, as expected, better as regards the function itself than its
normal derivative. Yet this limitation is not that serious for many purposes, such as crack
recovery; developments to come should address this issue, using higher-order versions of
the algorithm.

• Robustness. The algorithm is resistive to highly noisy data, performing a deblurring task
on the given Dirichlet data in addition to the completion one.

The stabilization of the algorithm has been achieved using an iterated Tikhonov
regularization method, the additional term in the least square function vanishing while the
algorithm converges. It follows that the solution reached does not depend on this term, yet the
regularization coefficient impacts the rate of convergence and thus needs to be properly handled.

Several issues remain to be investigated. First, the behaviour of the algorithm in the case
of continuous incompatible data needs to be clarified. The main point is to understand what
exactly should be meant by ‘noise’, since compatible data are dense in the space of noisy ones.
A full numerical analysis of the algorithm, including its rate of convergence with respect to
various parameters involved (h, c), in addition to the knowledge of the behaviour of αh, might
help this understanding. Investigating alternative operators, including nonlinear ones, is also a
question of great interest. Finally, how far the so-reconstructed data are relevant to applications
such as crack recovery is an issue to study from both a numerical and theoretical perspective,
in order to confirm the confidence one may reasonably put in the algorithms thanks to the
already obtained numerical results.
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