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Abstract. We consider the problem of determining the Robin coefficient of some specimen
material, by performing measurements on some part of the boundary. An identifiability result
is proved for Robin coefficients which are continuous functions with some negative lower bound.
Both local and monotone global Lipschitz stability results are established. Finally, a cost function
turning the inverse problem into an optimization one is proposed for numerical purposes. This
function, which may be viewed as an energetic least-squares one, has an easy-to-compute G-
derivative, which encourages us to consider implementing the gradient algorithm in forthcoming
numerical experiments.

1. Introduction

Inthis paper we are interested in determining the Robin coeffigiehtome material of which
a body occupying the connected dom&irin R? or R3 is composed. To this end we shall
use boundary measurements of the temperature on somk péthe boundary 2, which is
assumed to be a@f>! regularity, and moreover, lgt, ', andT"y be three open subsets of the
boundary such that

I=7UTpUTy.

The direct problem associated with the inverse one we deal with is therefore the following:

Au=0 in Q

u=20 on I'p

0

—u= on I'y (1)
on

ou

— +ou=0 on y.

on

We use the language of thermal imagiggthus being the prescribed heat flux bR
(¢ # 0onl'y), andg the unknown heat-exchange function, which has to be determined by
measuring the temperature on some open sulsatI'y; f = u|x. However, problem (1)
might also be viewed as a model for a corrosion detection problem by voltage measurements
(see, for example, [15, 16]) is thus the corrosion coefficien, the current flux prescribed
onT'y andu the electrostatic potential.
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Given the flux¢ and the measured temperatytethe inverse problem is, after defining
an appropriate seb,, of admissible heat-exchange coefficients, the following:

Findg € &, such thatu, the solution of (1), also verifiag x = f. (2)

The results reported in the present paper are related to the following three issues.

Identifiability. Studying the case, very close to ours, of corrosion detection, Inglese [15]
proved that in a 2D situation a single measurement of K suffices to uniquely determine
the coefficientp, for ¢ ranging over the set

®.q = {p € C3(¥) such thaip(x) > 0 Vx € ¥ andy # 0}

K being any non-empty open subsetyf. Our contribution in this paper has been to expand
the set of admissible coefficients to continuous functiong’pand to give a proof of the
uniqueness result valid in 2D as well as in 3D situations. More recently, Choulli [9] proved an
identifiability result in the case of a nonlinear heat law.

Stability. This means the continuous dependence of the unknown parameter on the measured
data, which is a crucial issue for numerical applications, and has been the concern of many
authors. Among them, Alessandrini [1] and Bellout and Friedman [5] dealt with the stability
for an inverse conductivity problem, and gave a definition for the local Lipschitz stability which
has been repeatedly used by several authors. For cracks and boundary recovery, one may cite
Friedman and Vogelius [11], Andriewst al [3], Ben Abdaet al [6, 7], and a large number

of results presented in papers by Alessandeinal since 1988, e.g. [1], these results being
somewhat summarized in the paper by Alessandrini and DiBenedetto [2]. In his previously
mentioned paper, Inglese [15] proved the continuity, and the Gateaux differentiability of the
direct map which associates with a given conductivitthe measured data on the boundary.

In the present work, we first prove a local Lipschitz stability result, derived from the Gateaux
differentiability, by establishing that the G-derivative does not vanish. By thoroughly studying
the behaviour of the heat fieldwith respect to the Robin coefficiept we are also able to
derive a more global Lipschitz stability result.

Identification. Most of the numerical algorithms worked out for identification purposes are
based on a least-squares approach. Following Kohn and Vogelius [18], here we propose a
‘variational least-squares’ cost function representing, for a given Robin coefficirgenergy

gap between the ‘Neumann’ field computed using the prescribed figxa boundary condition,

and the ‘Dirichlet’ one corresponding to the measured dada a boundary condition. It turns

out that the unique minimum of this cost function is the unknown coefficient, and that its
expression splits as the sum of two uncoupled compliance functions, which makes its gradient
easy to compute. This idea, which was first used for numerical implementations to identify
conductivities by Kohn and McKenney [17], generalizes quite well to several other situations
(for examples, see Andrielwst al [3], Roche and Sokolowski [21], Chaabane and Jaoua [8],
etc). A recovery algorithm based on the gradient method is therefore proposed. Thanks to the
cost function features reported above, its G-derivative with respecirtany directiony can

be explicitly computed, and its expression depends only on the:&tat®t on its derivative

ut(y).
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2. Identifiability

Let V be the following space:
V = {u € HY(Q) such thau|r, = 0} (3)

V is a Hilbert space with respect to the inner product defineiby) := [, (Vu, V).
Denoting by|.|1.o the norm derived from this inner product, ketbe the norm of the trace
operator

TV — H2(0Q)

(4)
U —> ulyn
while considered as a mapping frofmequipped with the energy norm, onk3(d<2):
a= sup |U|o,asz'
veV; v#0 |U|l,Q
The set of admissible Robin coefficients is defined as follows:
_ . 1
Duq = {90 e CO%(7): ming(x) > ——2} - (5)
xXey o

The following identifiability result presented in theorem 1 then holds.
Theorem 1 (uniqueness)Lety, andy; be two elements d@,,, and(;); 1.2 be the solutions
of problem (1) with(g;);-1 2 as a Robin coefficient. Suppose thaly = uz|x. Thengs = @».

Proof. Let ¢; andg, be two elements ob,, such thatui|x = uz|g, and let us denote by
their difference(w = u; — u3), which is a solution of the following problem:

Aw =0 in Q

w=20 on K (6)
ow

— =0 on TI'y.

on

By using Holmgren'’s unique continuation theorem, wewget 0 in 2, which means that
u1 = us in  and therefore:

0]
Ty pruy =0 on y
i ®
— +¢@ou1 =0 on y.
on
Thus
ur(pr—¢2) =0 on y. (8)

Let us assume that; #Z ¢,. Thanks to the continuity ap; andg,, we can find some
open subset of y with positive measure such that

(1 —92)(x) #0 Vx € 0.
Equation (8) then yields; = 0 on®, andu; is therefore a solution of the Cauchy problem

Au; =0 in Q
U = 0 on ¢ (9)
3%1 _

— =0 on 9.
on
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If we use Holmgren'’s theorem again, we get= 0 in , which is in contradiction with
¢ £0only. |

Remark. Dropping the Dirichlet boundary conditio’, = ), the same result holds with
the space of admissible Robin coefficients below:

Dua = {9 € C°(7); p(x) = 0; (x) 0} (10)

the non-negativity of being necessary to ensure that the direct problem is well posed (see,
for example, Garabedian [12]).

3. Stability

The measurements are assumed to be performed on a non-empty opeR aftiset Roughly
speaking, stability means that small errors in the mesurements would yield small perturbations
on the unknown coefficiert. To formalize the idea, let us consider the mappjrdgefined by

n: Dy —> L*(K)
o f= Uplk .

The identifiability result proved above means thds injective, and therefore, that the
restriction

NPy —> n(Puq)

is invertible. Limiting our search to any compact subsebgf, a weak stability result, which

is merely the continuity of the inverse operatpr!, can be obtained as a straightforward
consequence of the uniqueness theorem (Ande¢ai{4]). For numerical purposes however,
such a result is scarcely sufficient. This is the reason why we shall be focusing our attention
on Lipschitz stability, even if the results proved in this domain might not be as global as one
would wish them to be.

3.1. Local Lipschitz stability

To prove local Lipschitz stability, the Lagrangian differentiation with respect to the domain
has been repeatedly used as a basic and somewhat powerful tool for the study of geometric
inverse problems ([3, 4, 6], etc). The Robin boundary condition has also been studied in [10],
in the framework of 2D cracks recovery, a local Lipschitz stability result being proved using
the same technique. Actually, the latter also works for differentiation with respect to the field
or boundary coefficients, as was stated many years ago by Simon [22].

Now giveng € ®,4, andyr € ®,4, there exists some real numbigy > 0, depending on
¢ andy, such that

h €] — ho; hol = ¢" = (¢ + ) € Dyq.

Let »" be the solution of problem (1) fas" as a Robin coefficient. We then have the
following proposition.

Proposition 1. There exist* ande(h) in H1(2) such that
u = u® + hut + he(h) (11)
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wherelim;,_o le(h)|1.o = 0, u° is solution of (1) withp as a Robin coefficient, and' is
solution of the following problem:

Find u' in V such that

/(Vul, Vu) + / outv = —/ Yulv forallv e V. (12)
Q 1 Y
Proof. The variational formulation of problem (1) is:
Findu in V such that
(13)

/(Vu, V) +/ Quv =/ dv forallv e V.
Q y I'n
Let V* be the dual space &f, and define the following mapping:

A ] —ho, ho[ XV — V*

(h,u) — {va(Vu,VU>+/¢huv—/ ¢v}.
Q y Iy

The solutioru” of problem (1) withe" as a Robin coefficient is therefore the solution of
A(h, u™) = 0. The mapping\ being linear with respect o, its partial derivative with respect
tou (38—2(0, u) = A(0, -)) turns out to be an isomorphism betwéérmand V*. By the implicit
function theorem, it turns out that is someC? function of#, for 4 small enough. This yields
expansion (11), wita* € V, and limy,_,o |e(h)|1.q = O.

Now, plugging this expansion in the variational formulation (13) of the direct problem
with ¢ = ¢ + h as a Robin coefficient, and identifying in both sides of the equation terms
of the same order ihn, we derive that:

¢ 10 is a solution of problem (1) witlp as a Robin coefficient
e u'is a solution of problem (12)

which ends the proof. |

Theorem 2 (local Lipschitz stability). Assume thaiy # 0 ony, and denote by" = u"|.
Then
h _ £0
jim 1= Sk (14)
h—0 |h|
Proof. According to expansion (11), (14) is equivalent to
lutlo.x > O. (15)

Let us then assume that = 0 on K. In this case, equation (12) gives thdtis a solution of
the Cauchy problem

Aut=0 in Q
1_
@ 0 on I'y
on
which by Holmgren’s theorem leads to
ut=0 in Q.

Equation (12) then yields
/ vuv =0 YveV
14
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from which we derive
vu® =0 a.e. iny.
From the continuity of/, and the fact thagy # 0 ony, we derive the existence of some
open subset of y where
u®=0 on .
The Robin boundary condition yields
u®
on
Using Holmgren’s theorem again, we derive thét= 0 in , which is in contradiction
with our assumption that = 0 onT'y. O

=0 on 9.

3.2. Behaviour of the solutian, with respect tap

In the following, we shall assume that:

e The flux¢ is some non-negative function &7 (I'y) (p > 2) such thatp £ 0 onTy.
e The class of admissible coefficientss restricted to

@, = {p € C®L(7) such thaip(x) > 0 Vx € y}.

None of these assumptions should actually be viewed as a limitation: the second one
is in agreement with physics, and the first one is related to the prescribed flux used for the
measurements, which is under control and may therefore be shaped in order to meet the needs
of the identification process.

Fory € @/ ,, letus denote by, the solution of problem (1) witk» as a Robin coefficient,
and let us consider the following map:

U:d,—V
O Uy, a7)

The behaviour ofi, with respect tap is characterized by positivity and monotonicity, as
stated in lemmas 2 and 3 which follow. First, letus recall aregularity result due to Grisvard [14],
which we shall be using throughout this section.

Lemma 1 (regularity, Grisvard). Let¢ € L?(T"y) forsomep > 2, andy € ®,,4. Therefore,
the solutionu,, of problem (1), withp as a prescribed flux angt as a Robin coefficient, is
continuous or.

This result is, as pointed out for 2D polygonal domains by Mghazli [19], a consequence
of the mixed Dirichlet—-Neumann boundary value problem solutions regularity. Indeed, the
variational formulation of problem (1) is iH(2), and the trace of its solutian |, is therefore
in H%(y). Sobolev’s imbeddings yieldl%(y) C Li(y) foranyg < 4 in three dimensions,
and for anyy < oo in two dimensions (see, for example, [13]). Considerip@s the solution
of the following mixed boundary value problem:

Au, =0 in @

u, =0 on I'p

0

ﬁ - ¢) on FN (18)
on

duy,

— = —pi, on y

on
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where the prescribed Neumann boundary data are therefdr&(anu I'y) function, where-
is defined by

p if p<4

lanyr; 2<r <4 if p> 4.

Addressing such issues, Grisvard [14] proved that the solution of such a problem splits
into a regular part®, the smoothness of which is consistent with the data according to the
shift theorem (in this case® W (Q) ), and a ‘singular partS which is some explicitly
known function of the square root of the distance to the boundary separating the Dirichlet
part from the Neumann part &f. As a result of Sobolev’s imbeddings, this singular part is
continuous orf2, as is the smooth part.

Remarks.

(1) To hold, this regularity result does not require thdtelongs tod,,, but only toL*>(y).
(2) Inthe casép, = @, the regularity is merely a matter of the shift theorem for the Neumann
problem.

Lemma 2 (positivity). For any functiony of ®/ ,, we have
uy(x) =0 Vx € Q.
Furthermore, letc be any compact subsetpf Then

minu,(x) > 0.
XEK

Proof. The positivity ofu,, is a classical result (see, for example, Protter and Weinberger [20]).
Suppose now, that for some compact subksefy, we have

minu,(x) = 0.
XEK

There then exists som& € « such thai, (xg) = 0. xo is therefore a global minimum

for u,, and the Robin boundary condition gives t%@[(xo) = 0. Thanks to lemma 1, Hopf’s
maximum principle (see, for example, Gilbarg and Trudinger [13]) applies, from which we
derive thatt, = 0 in 2, which is in contradiction witfg = 0 onT'y. O

Lemma 3 (monotonicity). Lete; and ¢, be two elements @b/, such that
1(x) = @2(x) Vxey
and letu; = U(g;); i = 1, 2. Therefore:

ur(x) < uz(x) Vx € Q.

Proof. Let w = u; — uy, which therefore solves the following:

Aw =0 in Q

w=0 on I'p

d

M 0 on I'y (19)
on

ow

— to1w = —(p1 — P2)uz on y.

on
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Let M be the maximum ofv, and supposet > 0. Therefore, this maximum is not
achieved ol p. Letx; € a2 \ I'p such thatw(x;) = M. Sincew is not constant 0, by
Hopf’s maximum principle we get

d
2 (x) > 0.
on
It follows thatx; ¢ 'y, and therefore;; € y. Two cases have to be considered at this

point.

First case: x1 ¢ dy. Using the Robin boundary condition, we get
ow
E(xl) = —p1(x)M + (2 — 1) (x1)u2(x1)

which by using the positivity lemma 2 Ieads%g(xl) < 0, which is contradictory with the
above outcome of Hopf’s maximum principle.

Second case: x; € dy. In this case, the Robin boundary condition does not hold at peint
since%—f lacks continuity. Let us choose some real numhe? < p < 4, and lety be defined

byg = pz—j’z (thus£ and? are conjugate numbers). Therefore,(8t),cn and(g,)en be two
sequences of non-negatigg’ () functions such that:

e, — @1 in Li(y)
® g, — (g1 — @2uz in L2(y).

Then letw,, be the solution of

Aw, =0 in Q
w, =0 on Tp
dwy
S _ 0 on Ty (20)
on
ow,
to,w, = —g, on vy
on

and leta, andg, be the functions defined @2 \ T, by extendingy, andg, by zero outside
y. Thereforew, verifies

ow _
n” + @, W, = —&n on aQ\Tp.

Let us first prove thaiv, < 0. To this end, we defind1, = max..g w,. This maximum
is achieved on some poinj, of the boundary. If, € T, thenM, = 0 andw, < 0 onQ
which ends the case.

Let us then suppose that,, > 0 and thus that, ¢ T . By Hopf’s maximum principle:

e eitherw, is constant, and thus, = 0in Q
e Or %(x,,) > 0.

However, the second occurence above is not possible since by expressing the Robin
boundary condition at the point,, and using the non-negativity @f,, @, and M,,, we get

dw,
G (xa) < 0.

It follows thatw, = 0 in ©, which is in contradiction witb\1,, > 0. Hencew, < 0in .
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Now, let(®;);—1 » solve the following problems, witly € ®,; andy; € L?(y);i = 1, 2:
AB®;, =0 in Q
®,=0 on I'p
00);
T on Ty (21)
on
00);
— +50; =y on y.
on

Given the real numbey defined above, the following priori estimate comes out by
using the imbedding off 2 (y) into L? (y), which holds in either the 2D or 3D cases, and the
Cauchy-Schwarz inequality as well as thélder inequality for the two conjugate numbérs
and:

|©1 — O2]1.0 < a(lx1 — x2loy + 181 — $200.4.71O2l0,p.y)-

Applied tow andw,, which both solve problems of type (21), this estimate yields that
w, — win HY(Q), and therefore thaty < 0 sincew, is, so thatM = 0. This ends the
proof. |

3.3. A monotone Lipschitz stability result

Gathering the results obtained in the previous section, we are now able to prove a global
monotone Lipschitz stability result. The estimate we get holds under two restrictions:

e ¢ andy have to be bounded, and comparable.
e The Lipschitz dependence is not achieved on the wholg sbut only on any compact
subsetc of y.

Theorem 3 (monotone Lipschitz stability). Let x be a connected compact subsetyoind
M a positive constant. Then, there exists some constantc’'(«, M) > 0 such that given
any pair (¢, ¥) € (@ ,)? verifyingy < ¢ < M, we have

lo = Vlose < C1fy — frlork- (22)
Proof. Letu,, be the solution of problem (1) with the Robin coefficient with constant value
M. By lemmas 2 and 3, we get

Minuy (x) > Minuy (x) > 0 (23)
and thus

rpeipu,/,(x) >m = rxneipuM(x).

Letw = u, — uy, andz, be the solution of the problem

Az, =0 in

2, =0 on T'p

0z

— =1 on K

aan (24)
e _o on Ty\K

aan

z

a—:+g0z¢=0 on y
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wherew is the solution of the following variational problem:
Find w in V such that

/ (Vw, Vv) +/ pwv +/(<p —Puyv =0 forallv e V. (25)
Q v ¥
Choosingz, as a test function, we get
[ w520+ [ owz+ [ @ vz, =0
Q Y Y
Integrating by parts, we obtain
/ w = fw —Quyzy.
K Y
Thanks to the positivity ofiy, z, andyr — ¢, this yields
/ w = /(Klf - 90)M1//Z<p = /(W - (/))MV/Zt/w (26)
K y K
Now let¢,, be the solution of the following problem:
ALy = 0 in Q
Ly = 0 on I'p
M
—=1 on K
aan 27)
ﬂ =0 on I'y\K
an
9Cm

—— +M¢y =0 on y.
an

Settingwy, = min,¢, £y (x), from equation (26) comes, by using lemma 3, the following
estimate:

|f<ﬂ - fllflo,l,l( 2 mKle(p - 1/f|0,1,x
which is the estimate (28) with = —2 O

mewy
One serious limitation to this result is that the estimate cannot be obtained on the whole
y. However, this restriction may be removed, and a ‘fully monotone’ stability result obtained
provided that some additional requirements on the data and the Robin coefficient itself be
fulfilled. This is the subject of the following corollary.

Corollary 1. Suppose thal', Ny = ¢, and moreover, thap € C(y) andsupp@) C T'y.
M being some positive constant, there then exists some comstar{y, M) > 0 such that
given any pair(e, ¥) € (®,)? verifyingy < ¢ < M, we have

lo — ¥loy <cly, M) fy — fylork. (28)

Proof. Sincey andT', do not intersect, it turns out thatU Ty is a closed connected
neighbourhood of. Some open subset of 92, such thay C y’ andg—z =0ony’\y,can
therefore be found and the Robin boundary condition may be rewritten as follows:

du +ou =0 on y’

on
whereg is the functiony continued by 0 ory’ \ 7. ¢ is then a continuous function ovef,
according to the fact that 08(7), and estimate (28) is provided by theorem 3 sipds a
compact subset of'. |
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4. |dentification

Inthis section, we are first going to define, following an idea brought by Kohn and Vogelius [18],
a cost function as the energy gap between a so-called ‘Neumann solution’, which is merely
the solution of problem (1) with the prescribed flgxas a boundary condition dny, and a
so-called ‘Dirichlet’ one, which is computed by taking advantage of the measured temperature
f. Moreover, let us assume thAthas been measured on the whole suppodt. of

Once again we shall be using the det; of admissible Robin coefficients as defined in
section 2 by (5). Let € &4, and definet?wE as the solution of problem (1) withas a Robin

coefficient, Whereas%,S is solution of the following problem:

Au=20 in Q
u=~0 on I'p
u=f on  supp¢)
S (29)
—=0 on I'y\ supp¢)
i
—+é&u=0 on y.
on
The cost function7 is therefore defined o, by
€ = [ 1968 = Vi P+ [ elud ;a2 (30)
Q 14

Proposition 2. There exists a unique functighe ®,,; such that:

J@) < ITW) Vi € @yq.
Moreover,p is the solution of the inverse problem (2).

Proof. Let ¢ be the solution of our inverse problem (2). Theﬁ,,wh( = f, and thus
u$ o= =ud o ¢ is therefore a minimum fag with 7 (¢) =

Now let g, € ®,, be another minimum foy7. Thenj(gol) =0, anduN o= u%
It follows that¢; is another solution for the inverse problem (2), which by the |dent|f|abll|ty

theorem 1 leads tp; = ¢. O

According to the above proposition, our inverse problem (2) is now turned into the
following optimization one:

Findg € ®,4 such that:.7(¢) < J () Vi € Oyy. (31)

To solve such a problem numerically, several algorithms are available. In order to use
the gradient method, we need to compute the derivative of the cost function with respect to
the unknown, i.e. the Robin coefficient. However, the Gateaux derivative is enough since we
need, after problem (1) has been discretized, to compute at each iteration the derivative of the
cost function in its gradient direction.

Letyp € ., andy € ®,,4. Given a small enough real numbegrtherefore, Ieu’;) be the
solution of problem (29) witlp" = ¢ + hyr as a Robin coefficient. By the same techniques
used in proposition 1, we get an asymptotic expansion of the solutjomith respect to the
parameter:

uly = ub + hul + hn(h) (32)

whereu}, andn(h) are elements of/1(Q) such that:
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o limy_oln(h)Le =0
e u} is a solution of the following variational problem:

Findu} in V' such that

/(VulD, Vo) + / Qubv = —/ yudv forallv e V'
Q ¥ v

e V' = {v e HY(Q) such tha|r,usupae) = O}

(33)

The following theorem then holds.

Theorem 4 (derivative of the cost function). The Gateaux derivative of the cost function at
pointy in they -direction, is given by

T (") — T (@)

Ty = lim =—— - /y Ylwp)? — @)?].

Proof. Let¢ € ®,, be any admissible Robin coefficient. Therefore:
JE)=InE)+TpE) +Inp(§) (34)

In(E) = f Vi, (|7 + / gul
Q Y

jD(%‘):/S;W”%.HZ"'/V‘?”%,sz (35)
Inp(€) = —2{ /Q(Vugv,g’ V“%,g:) +/J/5“2/,§L‘OD,E}'

Letus denote by (¢)-¥, T3 (9)-¥ and T, (¢)-, respectively, the Gateaux derivatives
of Jn, Jp and Jyp at pointy in the ¢ -direction.
Integrating by parts, we easily derive that

where

Inp(E) =2 g of

and therefore thafy, = 0, so that7(¢) - ¥ = T (9) - ¥ + T5(@) - .
A straightforward calculation, using the asymptotic expansiaagfgives

The) v =2{ /Q (Vuk,, Vi) + f souNuN} / v ud)?

and, in the same way

le((p)wﬁ:Z{'/Q(Vu%),VuD) /(0“0“ } /‘I/f(un)z
Y

Using equation (12) with$, as a test function, we get

The) - = — / Q2. (36)
V4

On the other hand, integrating by parts, we obtain

du’
/(Vu%),VuD) /¢uDuD—/ —Lui +/¢)u})u%
Q aQ 4
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which, according to the boundary conditions verifieddlyandu?, gives

/ (Vui, Vul) +/ oupud =0
Q2 Y

Therefore,75(¢) - ¥ = J, ¥ (u9)2, which together with (36) finally yields

THe) - ¥ — / wlw$)? = @%)3].
Y

5. Discussion

The Robin direct boundary value problem (1) we have been dealing with in this paper may
either arise in thermal imaging, or in corrosion detection by electrostatic measurements; in
the first case, the Robin coefficieatis the heat-exchange coefficient while in the second
one, it provides quantitative information on the corrosion occuring okVe have proved an
identifiability result valid in both 2D and 3D situations. Moreover, this result is almost optimal
with respect to the choice of the set of admissible Robin coefficients. Actually, optimality
would be achieved by dropping the continuity requiremeng osince in that casep,, would

be the largest set ensuring well posedness for the direct problem. Restricting ourselves to
non-negative Robin coefficients, we could prove uniqueness by using the positivity result of
lemma 2 instead of the continuity ¢f However, this does not help much, since continuity is
still needed for the proof of local Lipschitz stability.

The monotone stability result, even though providing a valuable estimate in somewhat
realistic situations, does not contain the local Lipschitz stability one. This fact is helpful,
especially when dealing with noisy data, which cannot be expected to fulfil any order
relationship with the actual ones. Addressing stability as well as identification issues,
the Gateaux differentiation with respect to the coefficient, by providing a variational
characterization of the state derivative, once again proves to be a powerful tool.

The monotone result also means that instability can only occur from oscillatory data. A
regularizing term in the functional might therefore be necessary to avoid such instabilities in
the numerical experiments. However, the cost function used here is an energy least-squares
one, based on fields computed from the measured data, and not only on the measured data on
the boundary. Therefore, it is expected to be more sensitive to boundary oscillations if any.
Previous experiments with similar cost functions have shown efficiency, as well as stability, in
several situations, including nonlinear ones ([4, 8, 21], etc).

Theorem 4 opens the road to the implementation of a numerical minimization algorithm
using the gradient method, which still needs to be thoroughly tested to provide answers to the
questions raised above.
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