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Abstract

We consider the inverse problem of identifying a Robin coefficient by performing measurement on some part of
the boundary. After turning the inverse problem to an optimisation one by using a Kohn and Vogelius cost function,
we study the stability of this method and present some numericals experiments using synthetic data.
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1. Introduction

We consider in this paper the inverse problem of identifying a Robin coeffigidytimpedance to-
mography using boundary measurements. The experience consists in putting a curr@rdrflagme
partI"y of the boundary, and thus measuring the electrostatic poténtisdome pari of the accessible
boundaryl'y. The inverse problem consists in determining the impedance coefficihich charac-
terizes the corrosion level in the metal, from both the knowledge of the prescribed currehtfiaikhe
measured potentidl

Several mathematical models regarding the studied phenomenon are met in the literature. The first
work goes up to Kaup et gl11], who modelled the corrosion effects by material losses, resulting from
the deterioration of metal, which leads to a modification of the geometry. In further works, Santosa
and coworkerd12,13] reduce the knowledge of the damage to that of its effects on the impedance
condition—actually a Robin one in the simplest linear case—which holds on the corroded part of the
boundary. Determining the Robin coefficient thus would provide with relevant information on the damage.
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This inverse problems has been studied by several authors, who investigated the identifiability and
stability issues, and proposed algorithms for the identification. Ing8deas proved in a 2D situation
that a single measurement aris enough to determine the Robin coefficient within a class of smooth
enough ones (actuall@® ones), and this class has been later on extended to continuous coefficients in
([4], 1999). Stability in the framework of a thin plate has also been provigi 9, whereas a local and
directional Lipschitz stability result, as well as a global monotone Lipschitz one, have been obtained in
[4]. Isotropic stability has recently been investigatedliy8,7], who both obtained more or less global
stability results of logarithmic type.

As for the identification issue, which is the aim of the present paper, Fasino and Ihti¢seve
described and implemented, in the case of a thin plate, a recovery algorithm, based on the asymp-
totic expansion of the Robin coefficient with respect to the thickness of the plate. Analytic data ex-
tension has also been proved|[#] to provide with a robust algorithm for the unknown impedance
recovery.

Our concerninthe presentwork is to mathematically and numerically study the features of the algorithm
based on the minimization of the so-called Kohn and Vogelius cost function, which has been proposed
in [4] for the Robin problem after having been used more than once for various inverse problems. This
function is the energetic discrepancy between the solution computed by using the prescripedridix
the one computed by taking advantage of the measured potérfiedvided the data are exact (and
hence compatible), the minimum of that functional is zero, and its minimum argument is nothing but
the inverse problem solution. The situation is somewhat different when measurement errors make the
data incompatible. In such a case, the inverse problem has no solution, although the minimization one
might. We first prove that the approximate minimization problem has at least one solution. Picking up
any of these for a given sequence of data that converge to the actual ¢#f¢4M), we also prove that
the so associated sequence of coefficients converge to that of the exact inverse prdfigm ifihis
stability result is—up to our knowledge—original, although robustness has been repeatedly observed in
numerical trials. This allows us to claim this algorithm is self stabilizing, and does not therefore need
any additional regularization. The robustness issue, meaning the behaviour of the recovered solutions
with respect to additional noise that areliA(M) rather than inH2(M), however still needs to be
studied.

Provided the data to recover are smooth, this stabilization feature is usually appreciated. In our case
oscillations of the solution might however be of some interest to locate the corroded parts, and one would
not like them erased. Using a gradient algorithms based on the computed expression of the cost functior
derivative, we observe that its components fastly decrease with respect to the frequencies. There is thu
no chance to recover by such an algorithm more than the mean value of the Robin coefficient. This is
the reason why we have been preferring a relaxation method on the Fourier basis, in order to recover in
turn each of the coefficient components. Still, magnifying the higher frequencies components by using
an anti-dumping procedure remains necessary, although the best way to perform it remains an oper
issue.

The outline of the paper is the following. Bection 2 we recall the problem and the main results
regarding identifiability, stability and identification, as establishef4in Section 3is devoted to the
stability of the minimization algorithm based on the Kohn and Vogelius cost function. Existence of at
least one solution to the approximated minimization problem is proved, as well as continuity of the so
recovered coefficient with respect to the measured &aetion 4is finally devoted to the description of
the identification process, and to the presentation of the numerical results it provides us with.
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2. The Robin inverse problem

Let £2 be a connected bounded domairRst The boundarys? is assumed to be@"# Jordan curve,
for somep €] 0, 1. Moreover, lety andI'y be two non empty open subsetsas? such that:

02 =yUly
The inverse probleniZ{P) we are dealing with is the following:

Being given a prescribed flyx £ 0 together with measurement®n M, find a function
@ ony such that the solutiom of

Au =0in £2,
ou

IP = —

(ZP) NP | 5, ¢onrly
ou

a—+¢u=00ny

- n.
also satisfies|y = f

2.1. Some previous results regarding the inverse problem

In the sequel, we assume thate L?(I'y) andg belongs to a slightly restricted set of admissible
parameter®,q, defined by:

®ag = {9 € H(y), suchthat|p||1, < candy > ¢'xk}

wherec and ¢’ are tow positive constants, atdis a nonempty connected open subsey agfuch that
yNK =¢.

The forward problem (NP) has thus a unique solution in the Hilbert sHa(®), and referring tq4],
the unknown Robin coefficient is uniquely determined .4 from the knowledge of the prescribed
current flux¢ and the measurement dditan M.

Furthermore, a local and directional Lipschitz stability result has been proyéH as well as a global
monotone one.

e Local and directional Lipschitz stability_et ¢ andy be admissible impedances, = ¢ + hy for a
smallz > 0 andu, u, be the related potentials. Then:

lim lu — unlo.m -0
h—0 h
e Global monotone stabilityet O < m < m. For any subset C y such thatC N 9y = ¢ there exists
some positive constantsuch thatp andy be a pair of impedances ib,q such thain < ¢ < ¢ < m,
andu,, u, being the related potentials, we have:

lo — Ylik < cluy —uylim
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2.2. The Kohn and Vogelius cost function

For sake of simplicity, we shall from now on assume that= I'y.
For g € ®,q, we denote by ¥(e, f) the solution of the following Robin-Dirichlet problem (DP) using
the measurements f as a Dirichlet data:

Au=01in 2

—u+<pu=00ny
on

We denote also byN(¢) the solution of the Neumann problem (NP) associateg fhe solution of the
inverse problemZP) will be denoted byp.
Let us now define the cost functidron @44 by:

J<<p>=/ IVMN(cp)—VuD(w,f)|2+f<pluN(<p)—uD(<p,f)|2
2 Y

Referring to[4], the function] has a unique minimum which is nothing but the solugoaf the inverse
problem P), which is thus turned into the following optimization one:

Findg € @,g9suchthat
J(p) < J(E) V&€ Paq.

In order to solve the above problem using a descent method, we need to compute the derivative of the
cost function] with respect to the unknown Robin coefficient

(OP) {

Proposition 1. [4] Let ¢, ¥ € ®4qand for a small enough > 0, let 9" = (¢ + hy). Then we have

h
jm YO f YIWP (e, N)? = @ ()]
h—0+ h y
Thanks to this result, we are able to carry out a gradient algorithm in order to solve the optimization
problem (OP). At each step of the algorithm, we need to compute the Robin-Dirichlet soluRign f),
and the Robin—Neumann on&(y), but no additional adjoint problem is needed in order to compute the
gradient of the cost function.

3. Stability of the Kohn and Vogelius method

Although the inverse probleniP) is not stable, we are going to establish in this section that the
optimization one QP) is. This feature is due to the fact that the Kohn and Vogelius cost function
involves the solutions computed from both the prescribed and measured data through their values in-
side the domain, and not only on the boundary. Therefore, unstable behaviours away from the pre-
scription part of the boundary are prohibited since they would dramatically impact the cost
function.
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Let us denote by, a sequence of “measurements’Hi2(M), such that
lim [|f, — flly2zm =0
n—oo

Actually, measurements would rather belond_t¢M) than toH¥?(M), andf, may thus be seen as
smooth perturbations of the actual dat&wo issues here need to be addressed:

e The first one is to figure out whether the minimisation probl€XP) still has a solutionp,, when
the Dirichlet datd is replaced by, on I'y. The point is that the paii f,) is no longercompatible
meaning that the inverse problem related to that pair has thus no solution. The optimization problem
(OP,) related to the same pair is therefore no longer equivalent to the inverse problem, but what about
its solutions? Provided it has any, the minimum of the cost funcltiamuld of course no longer be
zero. And it also might be attained by more than a single argument.

e Provided the perturbated optimization problem has indeed solutions, can we prove a convergence result
such as lim_, ., ¢, = @ in some appropriated space?

To check these issues, let us define the following function:
¢ Dagx HY?(Iy) - R
(@, 8) = [o|IVuP(p, ) = VuN(@) 1> + [ ¢luP(p, &) — uN(@p)|?

whereuP (¢, g) denotes the solution of the (DP) problem witlas a Robin coefficient, arglas Dirichlet
boundary data o’y anduN(¢) is as usual solution of the (NP) problem withas a Robin coefficient.

Lemma?2. Letg € HY?(I'y). Then there existg? € ®,qsuch that

inf ¢(p, 8) = ¢(¢%, 8).
QEDyq

Proof. Sincet(p, g) > 0Vg € HY?(I'y) let A¢ € R* be the infimum of that function with respect¢o
A= inf (g, g).
9EPad

and letp; a minimizing sequence ik,q, thus verifying:
A8 = lim &gy, )
n—+0oo

The sequencéyp;), is therefore bounded iA(y), and there exists a subsequence of it, still denoted
(¢, such that:

{ o5 — @S weakly inH(y)

1
oy — @8 strongly inL?(y) @

Being a proper closed convex subseidfy), @.qis also a closed subsetlat(y) for the weak topology
[2], from which we derive thap$ belongs to® 4. O

According to[4], the mapping:

L*(y) > HY($2)
o > u” () 2)
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is continuous with respect to the strong topology, and hence:
lim uM(pf) = u™(¢®) in H'(2) ®3)
n—oo
Letus now prove thatlin, o uP (g5, g) = uP(¢?, g) in H(£2).The functiorw, = uP (¢}, g)—uP (¢, g)
solves the following boundary problem:

Aw, =0in 2

(P) w, =00nrly

Wy
5, T =—(f - @*)uP (g%, g) ony
Problem (P) has a unique solution in the set:

V={ve H(2); v=0onIy}

and the variational formulation of its is:

Find w, € V such that

fQanVv—l—fy(pﬁwnv:—fy (o5 — @) uP (¢, g)v Yve V.

Settingv = w,,, we obtain:
/ Ian|2+/so,§(wn)2 = —f (08 — @w,u® (@, ) (4)
2 4 y

The sequence; belongs tod,q, then

/ IVw,|? + / @ (w,)? = f |Vw,|? + ¢ / (wn)?. (5)
2 Y 2 K

On the other hand, the map— ([, |Vv|*>+ ¢ [ v*)¥/? defines a norm ohi*, equivalent to the classical
H* norm, then there exists some constant 0 such that:

llf o < ﬂ[/QIVUIZJrc/f( vz] Vv e HY(2) (6)

By usingEgs. (4)—(6)we get:

wallf o < Bll@E = @*llooyllwalloy 114° @%, o,y
and then:

lwallre < Ballu®(@?, )lloylgf — @ lls.y-

whereq is the norm of the trace mapping.
According toEq. (1) and to the compact imbedding frdat(y) into C°(7), there exists a subsequence
of (¢),, still denoted by(¢;),, such that

lim s — ¢t =0
lim 119 = ¢*llce.y
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and then:
uP (8, g) — uP(g®, g) strongly in H'(£2) 7)
By usingEgs. (3) and (7)we obtain:
im_ [ 1905 9~ Ve = [ 9Pt 9~ VP ®)
n—-+0o0 Q Q

Moreover, we have:
{fpfi — @%in L>®(y)
[uP (¢, &) — uM ()] — [uP (¢, &) — uMN(p*)] strongly in L2(y)
then:

i, [ Pt — e = [ et o~ ©)
Egs. (8) and (9hen give:
A= lim ey, ) = ¢et ),
and finally:
(piendfad (e, 8) = t(@%, 8)
Lemma3. Let f, € HY?(I'y) a sequence of data such tha,,, 1 || f» — fll1/2.n, = 0,and letp, be

any function of®,q such that such thatf ,cq,, £(¢, f1) = &(@,, f2). Then we have

M ¢, f) =0

Proof. First we have:

0 < &en, fu) = 8@, fu)s (10)

Let us prove now that lim., o ¢(@, f,) =0
Let w, be defined by

wy = uP (@, f) —u" (@) = u®@, f,) —u®@ N
w,, therefore, solves the boundary value problem:

Aw, =0in $2
wy, = fu — fonly
ow,

+ ow, =0o0ny
on

Since lim,— o [ fu — fll1/2,7, = 0, we get:
lim [Jw,llLe =0 (11)
n—-+o0o
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BUt£(9, fo) = [o IVwal* + [, @(w,)* and hence:
lim £(p. f) =0 (12)
which, byEq. (10) gives:
Nim_&(gn, fu) = 0.
We are now able to state the stability result. O
Theorem 4 (Stability of the optimization problem)The sequence, converge tap strongly in [2(y).

Proof. Let 1 be any accumulation point of the real bounded sequépge- ¢llo,,. There exists some
subsequence @f,, still denoted byy, such that:

lim ||(pn - (;_0”0,)/ =M
n—00

We also have infeo,, £(@, fu) = ¢(¢a, f,). The sequencep(), is bounded irH(y), then, there exists
¢ € dygand a subsequence @f still denotedyp, such that:

@n — @ weakly in H(y)
¢n — @ strongly inL?(y)

Let us now prove that lim., o, ¢(¢,, f») = ¢(¢). There exists some > 0 such that:

14 (@n, f) = uM (@)} o < 2 [ /Q IV @®(@n, f) = uN @) + ¢ /K (@, fo) —uan))Z]
< A(@ns fn)
According to Lemma 3, we have lim , ¢(¢,, f,) = 0, and then:
lim (11, fu) —u"(@n)llf o =0
Sincey, — ¢ strongly inL?(y), we obtain by usindeq. (2)
uN(g,) — uN(p) strongly inH(£2). (13)
Then,
uP (@, f,) — uN(e) strongly in H(£2),
and therefore:
uP(@n, f)lry = uM @I, in HY2(Iy)
Moreoveru®(g,, f)lr, = f, and f, — fin HY2(Iy, then :
uN@In, = f
¢ then solves problen¥P), which by uniqueness yields= ¢ and thenu = 0.
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Thus:
@, — @ strongly inL2(y). O

4. Numerical results

Experimental measurements are simulated by synthetic data obtained by means of numerical compu-
tations, solving problemNp). Thanks to[4], we are able to compute the gradient of the cost function
without need of an adjoint problem solution. A gradient method seems thus the most appropriate to solve
the minimization problem@7P). Having chosen an approximation space for the Robin coefficient, the
gradient algorithm is the following:

Thegradient algorithm applied to the KV cost function:

(1) Initialisation: Choose some initial guegg in the approximation space, and a step gize O;
(2) lteration: ¢, being computed,
(@) Compute the solutions aff andu? of the Neumann and Dirichlet problemgY) and (PP)
related toyp;
(b) Compute the gradient dfat ¢, using the following formula giving the derivative dfin any
directiony:

VI = / LY — )]
Y
(c) Update the Robin coefficient by:
Vi1 = @ — pVJ(@r)

(3) Stop testlf (Jorr1 — @xl)/l@k| is small enough, then stop, else return to step (2) withk + 1

Problems £}) and (PP) have been solved using piecewise quadratic finite elements. At each step, the
rigidity matrices need updating, since they expand as follows:

Alpr) = A+ aler)

whereA stands for the invariant parts of the matrices, related to the degrees of freedom located, out of
whereasa(gy) is the variable part of them—uwhich is the same one for both the Dirichlet and Neumann
matrices—depending apy, and related to the degrees of freedom locategt.on

Solutions ofthe linear systems related to probleﬁj\é(and (PkD) have been obtained using the conjugate
gradient algorithm, preconditioned by an incomplete Cholesky factorization of the invariant parts of the
matrices, thus preserving their profiles. All the numerical experiments have been carried out on the unit
disc, withy = {€?; 6 €]0, Z[}.

4.1. Representation using finite element shape functions
Several options are available to represent the approximated impedance (Robin coefficient). One of them

is to use finite element shape functions, not necessarily those used to run the finite element computations
of the states® anduM. It is well known that, aiming to solve inverse problems, the unknowns to recover
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should preferably not be too numerous. A hierarchic approach, gradually enriching the representation,

has been to that end successfully experiencd8]ifior the recovery of boundaries using the KV cost

function. In the present work, a piecewise linear representation of the impedaiasseen preferred to

the piecewise quadratic one, although these elements are those used in the finite element computations
The impedance is thus parameterized by a numidgyof unknown ;... , ¢y,) with

9i = ¢(0;) where; = fori=1,2...N,

i
2(N, + 1’

0.8 T T 0.8 T T T
Exact Exact
— — Computed — — Computed
0.6 | 0.6 ST T2
/ NS
4 \
V \
\
\
_ - - \
_ SR .
04 | ~. 04 N
N Vi \
AN i N
\ / N\
\ / \
\ 5 \
/ \
A Y \
\ L \
0.2 \ 0.2 // 8
/ \ / \
| \ y
! \
! \
\ \
J \ / \
0 L L 0 L L .
0 0.5 1.5 0 0.5 1 1.5
(@ (b)
0.8 T T 80% T T
Exact —— L2error
-~~~ Computed Sup error
0.6 60% [
\\
\\
0.4 | \ 40%
\
\
0.2 20% |
0 . . 0% L .
0 0.5 15 0 100 200 300
() (d)

Fig. 1. Reconstruction by piecewise linear representation: (a) gradient£e88%); (b) hierarchic gradient (erret5.5%); (c)
hierarchic+ smoothing (erroe= 2%); (d) error wrt number of iterations.
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and

N[’
Y= Z%’Xi
i=1

xi being the piecewise linear ‘hat’ function defined pyd;) = 6j;i, j =1,... , N,.

Fig. 1show, as has already been noticefbify that a best recovery of smooth impedances is obtained by
using a hierarchic approach, together with a smoothing. However, the method fails in fitting non smooth
impedances, and above all oscillating ones, as showigirn.

1 T T T 1

Exact
---- Computed

Exact
— — Computed

0.8

0.6

04 - /

0.2 -

Exact
— - — Computed

0.8

04 ['

0.2

exact
---- computed

]

0.5

(©) (d)

Fig. 2. Reconstruction by piecewise linear representation of non smooth and oscillating impedances. Hierarchic gradient, 5-80
DOF.



378

4.2. Representation using a Fourier basis

Using a Fourier basis in order to capture the oscillations may thus be viewed as a reliable alternative.

To this end, let us expand the impedagcas follows:

9(0) =Y [a;C082j6) + b; Sin(2,6)]

Jj=0
08 —
-~ N exact
yé M | == computed
/ \
/ \
/ \
/ \
06 I ; \ 1
/ \
/ \
/ \
/ \
/ \
/ \
04t \ .
\
! \
/ \
/ \
/ \
L / \ i
0.2 / \
/ \
/ \
/ \
/ \
/ \
0 L= L L *
0 0.5 1 1.5
G
0.8
~/ N~
7 N — —- Computed
7 N Exact
/ \
7 ~
0.6 / \ q
/ N
/ \
/ \
/, \Y
// \
04 q
/ \
)/ \
/ \
] \
/ \
0.2 ,,‘ ’ N “f
| J \
I / \ I
1/ RN
/! \ N
Y \A
A L L i
0 0.5 1 1.5
(c)

Fig. 3. Reconstruction on a Fourier basis by a gradient method: (a) 12 Fourier coefficients; (b) 20 Fourier coefficients; (c) 100

Fourier coefficients; (d) error wrt number of modes.
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and the trucated series is given by

Fig. 3clearly shows that the reconstructed solutions using the gradient algorithm as described above,
with the Fourier basis, are polluted by Gibbs effects, and do not provide with satisfactory results even
for smooth impedances. The reason why it is so is that the gradient components of the cost function with

" (0) = la;co82j6) + b; Sin(2,6)]

Jj=0

379

respect to the higher frequencies basis functions are (for instance for cosines):
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Fig. 4. Reconstruction on a Fourier basis (relaxation method).
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3J 2

7-(C082j6)) = VJ(p)cod2j6) = / cos(2j6)[(u®)? — (u™)?] do
% 0

This is nothing but thgth Fourier coefficient of fiip)?—(un)?], which is fastly decreasing to zero
with respect tqg if this function is smooth enough. The gradient algorithms thus seeks descent only

along the lower frequencies, crushing the components in the higher ones. In order to take care of
each of the components, a relaxation method, minimizing successively along all of the frequencies,
has thus been preferred to the gradient one. Netbe the number of modes used for the
representation:

T
O
— — Antidumping SN
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. —— - Anti dumping “
\ e F4R i
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0 L L L 0 L L L
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Fig. 5. Capturing oscillations by anti-dumping (Fourierelaxation).
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The relaxation algorithm applied to the KV cost function:

(1) Initialisation: Choose some initial guegg in the approximation space:

N
¢p = Y _[a)c052j6) + bIsin(2,6)]
j=0

(2) lteration: k + 1 : ¢; having been computed:

N
0= kcog2,6) + btsin(2,6
O = [ajcos( JO) + jsm( 7o)l
Jj=0
0.8 0.8 T
——- computed (1%) — —- computed (5%)
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Fig. 6. Noisy data (Fouriet relaxation): (a) 1%; (b) 5%; (c) 10%; (d) error wrt noise level.
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Then, from/ = 1,... , N, ¢x4q—1),n beINg kNnown, computey.;,x by minimizingJ along the line
@k+a-1/n + {c0K210), sin(d6)}, using the gradient method;
(3) Stop testIf |¢ri1 — @rl/lpk] sSmall enough, then stop, else go to step 2 with k + 1.

This algorithm has been carried out using a hierarchic approach, thus progressively increasing the
number of modes used for the representation of the impedances, in order not to handle a too large amour
of unknowns.

The method turns out to better capture oscillations, as shoviiging, but still fails in accurately
fitting highly oscillating impedances. A heuristic anti-dumping procedure, consisting to magnijfiathe
frequency components by a factgfj, happens to provide better results,Fg. 5 shows. However,
although interesting, the procedure still needs a thorough study in order to determine the appropriate
magnification factor, and overall to prevent the process from generating undesired oscillations.

Fig. 6finally shows the method to resist quite high levels of noise.

5. Conclusions

We have presented in this paper a stable numerical method to recover the impedance in a Robin
problem. Minimizing the Kohn and Vogelius cost function, which is the energetic discrepancy between
the Neumann solution computed using the prescribed current flux, and the Dirichlet one obtained by from
the measured potential, is proved to be a stable numerical method with respect to the measured data. I
stability might even be excessive, since oscillations of the recovered impedances are dumped whateve
relevant they might be with respect to the corrosion phenomenon description. An anti-dumping procedure
permits to partly restore these oscillations, but it still needs to be thoroughly studied, and carefully handled
in order not to generate artificial oscillations.

Although the robustness of the method has been observed through numerical experiments, the theo
retical issue still needs to be investigated. Robustness means that non smooth perturbations of the dat:
provided they are small, would produce small perturbations in the recovered impedances. Eventually,
although the whole work has been performed in a 2D framework, most its theoretical results can be
transferred to 3D, where the numerics would however be somewhat more complicated to run.
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