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1. Introduction
1.1. Holomorphic semigroup Ik,a(z) with
two parameters k and a.
operators. To fix notation, let C be the Cox-
eter group associated with a root system R
in RN. For a C-invariant function k ≡ (kα)
(multiplicity function) on R, we write ∆k for
the Dunkl Laplacian on RN

We take a > 0 to be a deformation parame-
ter, and introduce the following differential-
difference operator

∆k,a := ‖x‖2−a∆k − ‖x‖
a. (1.1)

Here, ‖x‖ is the norm of the coordinate x ∈
RN, and ‖x‖a in the right-hand side of the
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formula stands for the multiplication opera-
tor by ‖x‖a. Then, ∆k,a is a symmetric oper-
ator on the Hilbert space L2(RN, ϑk,a(x)dx)
consisting of square integrable functions on
RN against the measure ϑk,a(x)dx, where the
density ϑk,a(x) is given by

ϑk,a(x) := ‖x‖a−2
∏
α∈R

|〈α, x〉|kα. (1.2)

The (k, a)-generalized Laguerre semigroup
Ik,a(z) is defined to be the semigroup with
infinitesimal generator 1

a∆k,a, that is,

Ik,a(z) := exp
(z
a
∆k,a

)
, (1.3)

for z ∈ C such that Re z ≥ 0. (Later, we
shall use the notation Ik,a(z) = Ωk,a(γz), in
connection with the Gelfand–Gindikin pro-
gram.)
In the case a = 2 and k = 0, we have
ϑ0,2(x) ≡ 1 and recover the classical setting
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where

We shall prove

Theorem A.
1) ∆k,a extends to a self-adjoint operator on

L2(RN, ϑk,a(x)dx).
2) There is no continuous spectrum of ∆k,a

for any a > 0 and for any non-negative
multiplicity-function k.

We also find all the discrete spectra explic-
itly.
Turning to the (k, a)-generalized Laguerre

semigroup Ik,a(z), we prove:

Theorem B.
1) Ik,a(z) is a holomorphic semigroup in the

complex right-half plane {z ∈ C : Re z >
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0} in the sense that Ik,a(z) is a Hilbert–
Schmidt operator on L2(RN, ϑk,a(x)dx) sat-
isfying

Ik,a(z1)◦Ik,a(z2) = Ik,a(z1+z2), (Re z j > 0),
and that the scalar product (Ik,a(z) f , g) is
a holomorphic function of z for Re z > 0,
for any f , g ∈ L2(RN, ϑk,a(x)dx).

2) Ik,a(z) is a one-parameter group of uni-
tary operators on the imaginary axis Re z =

0.

For the particular values a = 1 and 2, we
find a closed formula for the density of the
semigroup Ik,a(z) by means of the Dunkl in-
tertwining operator Vk and Bessel functions.

Theorem C. Suppose a = 1 or 2. Then, for
z ∈ C such that Re z > 0,

(exp(z∆k,a) f )(x) =

ck,a

∫
RN

Kk,a(x, y; az) f (y)ϑk,a(y)dy,
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where ck,a is a constant obtained by Opdam
as a solution to a conjecture of Macdonald,
and the integral kernel is expressed in terms
of Bessel functions.

1.2. (k, a)-generalized Fourier transforms
Fk,a.
As we mentioned in Theorem B (2), the ‘bound-
ary value’ of the (k, a)-generalized Laguerre
semigroup Ik,a(z) on the imaginary axis gives
a one-parameter family of unitary operators.
The case z = 0 gives the identity operator,
namely, Ik,a(0) = id. The particularly inter-
esting case is when z = πi

2 , and we set

Fk,a := c Ik,a
(πi

2

)
= c exp

(πi
2a

(‖x‖2−a∆k−‖x‖
a)

)
by multiplying the phase factor c = eiπ2(2〈k〉+N+a−2

a )

(see (5.2)). Then, the unitary operator Fk,a
for general a and k satisfies the following sig-
nificant properties:
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Theorem D. For any a > 0 and any non-
negative multiplicity function k, Fk,a is a uni-
tary operator on L2(RN, ϑk,a(x)dx) satisfy-
ing the following formulas for any f ∈ C∞0 (RN\
{0}).

1) Fk,a(E f ) = −(E+N+2〈k〉+a−2)(Fk,a f ).
2) Fk,a(‖x‖a f ) = −‖x‖2−a∆k(Fk,a f ).
3) Fk,a(‖x‖2−a∆k f ) = −‖x‖a(Fk,a f ).
4) F

2p
k,a = id if a is a rational number of the

form a =
p
q .

We call Fk,a a (k, a)-generalized Fourier trans-
form onRN. We note that Fk,a reduces to the
Euclidean Fourier transform F if k ≡ 0 and
a = 2; to the Hankel transform if k ≡ 0 and
a = 1; to the Dunkl transform Dk introduced
by C. Dunkl himself if k > 0 and a = 2.



LAGUERRE SEMIGROUP AND DUNKL OPERATORS 7

Thus, in these classical setting, our approach
uses the following expressions of Fk,a:

F = e
πiN

4 exp
πi
4

(∆ − ‖x‖2), (Fourier)

Dk = e
πi(2〈k〉+N)

4 exp
πi
4

(∆k − ‖x‖
2). (Dunkl)

For a = 1 and k ≡ 0, the unitary operator

F0,1 = e
πi(N−1)

2 exp
(πi

2
‖x‖(∆ − 1)

)
arises as the unitary inversion operator of the
Schrödinger model of the minimal represen-
tation of the conformal group O(N + 1, 2) .
Its Dunkl analogue, namely, the unitary op-
erator Fk,a for a = 1 and k > 0 seems also
interesting. Thus, we set

Hk := Fk,1 = eiπ2(2〈k〉+N−1)Ik,1
(πi

2

)
.

For a general (k, a), we find the inversion
formula, the Plancherel theorem, the Hecke
identity, the Bochner identity, and the Heisen-
berg inequality for the (k, a)-generalized Fourier
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transform Fk,a. As for the Heisenberg type
inequality, we note that such an inequality
was previously proved by Rösler and Shi-
meno for the a = 2 case (i.e. the Dunkl trans-
form Dk).

1.3. sl2-triple of differential-difference op-
erators.
The basic tool for the presently is the S L2
theory. The key idea is to construct an sl2-
triple of differential-difference operators with
two parameters k and a. We then apply rep-
resentation theory of ˜S L(2,R), the universal
covering group of S L(2,R). The resulting
representation is a discretely decomposable
unitary representation, which depends con-
tinuously on parameters a and k.
To be more precise, we introduce the fol-

lowing differential-difference operators onRN\
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{0} by

E+
k,a :=

i
a
‖x‖a, E−k,a :=

i
a
‖x‖2−a∆k,

Hk,a :=
2
a

N∑
i=1

xi∂i +
N + 2〈k〉 + a − 2

a
.

With these operators, we have

a∆k,a = i (E+
k,a − E

−
k,a).

The main point here is that our operator ∆k,a
can be interpreted in the framework of the
(infinite dimensional) representation of the
Lie algebra sl(2,R):

Lemma E. The differential-difference oper-
ators {Hk,a,E

+
k,a,E

−
k,a} form an sl2-triple for

any multiplicity-function k and any non-zero
complex number a.

In other words, taking a basis of sl(2,R) as

e+ =

(
0 1
0 0

)
, e− =

(
0 0
1 0

)
, h =

(
1 0
0 −1

)
,



10 SALEM BEN SAÏD, TOSHIYUKI KOBAYASHI, AND BENT ØRSTED

we get a Lie algebra representation ωk,a of
g = sl(2,R) with continuous parameters k
and a on functions on RN by mapping

h 7→ Hk,a, e+ 7→ E+
k,a, e− 7→ E−k,a.

The main result is to prove that the repre-
sentation ωk,` of sl(2,R) lifts to the universal
covering group ˜S L(2,R):

Theorem F. If a > 0 and k is non-negative,
then ωk,a lifts to a unitary representation of
˜S L(2,R) on L2(RN, ϑk,a(x)dx).

The Hilbert space L2(RN, ϑk,a(x)dx) decom-
poses discretely as a direct sum of unitary
representations of the direct product group
C × ˜S L(2,R):

L2(RN, ϑk,a(x)dx) '
∞∑⊕

m=0
H m

k (RN) ⊗ π
(2m + 2〈k〉 + N − 2

a

)
,
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where H m
k (RN) stands for the representation

of the Coxeter group C on the eigenspace of
the Dunkl Laplacian (the space of spherical
k-harmonics of degree m) and π(ν) is an irre-
ducible unitary lowest weight representation
of ˜S L(2,R) of weight ν + 1. The unitary iso-
morphism is constructed explicitly by using
Laguerre polynomials.
The unitary representation of ˜S L(2,R) on

L2(RN, ϑk,a(x)dx) extends furthermore to a
holomorphic semigroup of a complex three
dimensional semigroup (see Section 3.4). Ba-
sic properties of the holomorphic semigroup
Ik,a(z) defined in (1.3) and the unitary oper-
ator Fk,a can be read from the ‘dictionary’
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of sl(2,R) as follows:

i
(

0 1
−1 0

)
←→

1
a
∆k,a

exp iz
(

0 1
−1 0

)
←→ Ik,a(z) = exp(

z
a
∆k,a)

w0 = exp
π

2

(
0 1
−1 0

)
←→ Fk,a = cIk,a

(πi
2

)
e− ←→ Fk,a ◦ ‖x‖

a

e+ ←→ Fk,a ◦ ‖x‖
2−a∆k.

1.4. Hidden symmetries for a = 1 and 2.
As we have seen in Section 1.1, one of the
reasons that we find an explicit formula for
the holomorphic semigroup Ik,a(z) (and for
the unitary operator Fk,a) (see Section 1.1)
is that there are large ‘hidden symmetries’ on
the Hilbert space when a = 1 or 2.
We recall that our analysis is based on the

fact that the Hilbert space L2(RN, ϑk,a(x)dx)
has a symmetry of the direct product group
C × ˜S L(2,R) for all k and a. It turns out
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that this symmetry becomes larger for spe-
cial values of k and a. In this subsection, we
discuss these hidden symmetries.
First, in the case k ≡ 0, the Dunkl-Laplacian

∆k becomes the Euclidean Laplacian ∆, and
consequently, not only the Coxeter group C
but also the whole orthogonal group O(N)
commutes with ∆k ≡ ∆. Therefore, the Hilbert
space L2(RN, ϑ0,a(x)dx) is acted on by O(N)×
˜S L(2,R). Namely, it has a larger symmetry

C × ˜S L(2,R) ⊂ O(N) × ˜S L(2,R).

Next, we observe that the Lie algebra of the
direct product group O(N)× ˜S L(2,R) may be
seen as a subalgebra of two different reduc-
tive Lie algebras sp(N,R) and o(N + 1, 2):

o(N) ⊕ sl(2,R) ' o(N) ⊕ o(1, 2) ⊂ o(N + 1, 2)
o(N) ⊕ sl(2,R) ' o(N) ⊕ sp(1,R) ⊂ sp(N,R)

It turns out that they are the hidden symme-
tries of the Hilbert space L2(RN, ϑ0,a(x)dx)
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for a = 1, 2. To be more precise, the confor-
mal group O(N + 1, 2)0 (or its double cover-
ing group if N is even) acts on L2(RN, ϑ0,1(x)dx) =

L2(RN, ‖x‖−1dx) as an irreducible unitary rep-
resentation, while the metaplectic group Mp(N,R)
(the double covering group of the symplectic
group Sp(N,R)) acts on L2(RN, ϑ0,2(x)dx) =

L2(RN, dx) as a unitary representation.

2. Preliminary results on Dunkl operators
2.1. Dunkl operators.
Let 〈·, ·〉 be the standard Euclidean scalar prod-
uct in RN. We shall use the same notation for
its bilinear extension toCN×CN. For x ∈ RN,
denote by ‖x‖ = 〈x, x〉1/2

For α ∈ RN \ {0}, let rα be the reflection in
the hyperplane 〈α〉⊥ orthogonal to α

rα(x) := x − 2
〈α, x〉
‖α‖2

α, x ∈ RN.

We say a finite set R ⊂ RN of non-zero
vectors is a reduced root system if:
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(R1) rα(R) = R for all α ∈ R,
(R2) R ∩ Rα = {±α} for all α ∈ R

In this paper, we do not impose crystallo-
graphic conditions on the roots, and do not
require that R spans RN. Each root system
can be written as a disjoint union R = R+ ∪

(−R+), where R+ and (−R+) are separated
by a hyperplane through the origin. The set
R+ is called a positive subsystem and its choice
is not unique.
The subgroup C ⊂ O(N,R) generated by the

reflections {rα | α ∈ R} is called the finite
Coxeter group associated with R. The Weyl
groups such as the symmetric group SN for
the type AN−1 root system and the hyperoc-
tahedral group for the type BN root system
are the case. In addition, H3,H4 (icosahe-
dral groups) and I2(n) (symmetry group of
the regular n-gon) are the Coxeter groups.
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Definition 2.1. A multiplicity function for C
is a function k : R → C which is constant on
C-orbits.

Setting kα := k(α) for α ∈ R, we have
khα = kα for all h ∈ C from definition. We
say k is non-negative if kα ≥ 0 for all α ∈ R.
The C-vector space of multiplicity functions
on R is denoted by K . The dimension of K
is equal to the number of C-orbits in R.
For ξ ∈ CN and k ∈ K , C. Dunkl intro-

duced a family of first order differential-difference
operators Tξ(k) (Dunkl’s operators) by

Tξ(k) f (x) := ∂ξ f (x)+
∑
α∈R+

kα〈α, ξ〉
f (x) − f (rαx)
〈α, x〉

.

(2.1)
Here ∂ξ denotes the directional derivative cor-
responding to ξ. Thanks to the C-invariance
of the multiplicity function, this definition is
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independent of the choice of the positive sub-
system R+. The operators Tξ(k) are homo-
geneous of degree −1. Moreover the Dunkl
operators satisfy:

(D1) L(h) ◦ Tξ(k) ◦ L(h)−1 = Thξ(k) for all h ∈
C,

(D2) Tξ(k)Tη(k) = Tη(k)Tξ(k) for all ξ, η ∈
RN,

(D3) Tξ(k)[ f g] = gTξ(k) f + f Tξ(k)g if f and
g are in C1(RN) and at least one of them
is C-invariant.

Here, we denote by L(h) the left regular ac-
tion of h ∈ C on the function space on RN:

(L(h) f )(x) := f (h−1 · x).

Let ϑk be the weight function onRN defined
by

ϑk(x) :=
∏
α∈R+

|〈α, x〉|2kα, x ∈ RN.

(2.2)
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It is C-invariant and homogeneous of degree
2〈k〉,where the index of the multiplicity func-
tion k is defined as

〈k〉 :=
∑
α∈R+

kα =
1
2

∑
α∈R

kα. (2.3)

We consider for non-negative root multiplic-
ity functions the unique linear isomorphism
Vk (Dunkl’s intertwining operator) on the space
P(RN) of polynomial functions on RN such
that

(I1) Vk(Pm(RN)) = Pm(RN) for all m ∈ N,
(I2) Vk|P0(RN) = id,
(I3) Tξ(k)Vk = Vk∂ξ for all ξ ∈ RN.

The intertwining operator Vk plays a funda-
mental role in Dunkl’s theory.
For arbitrary finite reflection group C, and

for any non-negative multiplicity function k,
Rösler [?] proved that there exists a unique
positive Radon probability-measure µk

x onRN
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such that

Vk f (x) =

∫
RN

f (ξ)dµk
x(ξ). (2.4)

The support of µk
x is contained in the ball {ξ ∈

RN | ‖ξ‖ ≤ ‖x‖}. Moreover, for any Borel set
S ⊂ RN, g ∈ C and r > 0, the following
invariant property holds:

µk
x(S ) = µk

gx(gS ) = µk
rx(rS ).

2.2. Dunkl Laplacian.
The Dunkl–Laplace operator, or simply, the
Dunkl Laplacian, is defined as

∆k :=
N∑

j=1
Tξ j(k)2, (2.5)

where {ξ1, . . . , ξN} is an arbitrary orthonor-
mal basis of (RN, 〈·, ·〉). If k ≡ 0 then the
Dunkl–Laplace operator ∆k equals the Eu-
clidean Laplacian ∆. We can rewrite ∆k as

∆k f (x) = ∆ f (x)+
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α∈R+

kα

{
2〈∇ f (x), α〉
〈α, x〉

− ‖α‖2
f (x) − f (rαx)
〈α, x〉2

}
,

where ∇ denotes the usual gradient operator.
∆k commutes with the C-action, i.e.

L(h) ◦∆k ◦ L(h)−1 = ∆k, ∀h ∈ C. (2.6)

Definition 2.2. A k-harmonic polynomial of
degree m (m ∈ N) is a homogeneous polyno-
mial p on RN of degree m such that ∆kp = 0.

Denote by H m
k (RN) the space of k-harmonic

polynomials of degree m, and define the fol-
lowing inner product

〈 f , g〉k := dk

∫
S N−1

f (ω)g(ω)ϑk(ω)dσ(ω),

where ϑk is the density given in (2.2), and

dk :=
( ∫

S N−1
ϑk(ω)dσ(ω)

)−1
. (2.7)
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For k ≡ 0, d−1
k is the volume of the unit

sphere, namely,

d0 =
Γ(N

2 )

2π
N
2
.

As in the k ≡ 0 case, we have

Fact 2.3.
1) H m

k (RN)|S N−1 (m = 0, 1, 2, . . . ) is orthog-
onal to each other with respect to 〈 , 〉k.

2) The Hilbert space L2(S N−1, ϑk(ω)dσ(ω))
decomposes as a direct Hilbert sum:

L2(S N−1, ϑk(ω)dσ(ω)
)

=
∑⊕

m∈N
H m

k (RN)|S N−1.

(2.8)

To end this section, we give a generalization
of the classical formula

e‖x‖
2
◦∆◦e−‖x‖

2
= ∆+4‖x‖2−2N−4

N∑
j=1

x j∂ j

to the Dunkl setting.
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Lemma 2.4. For any ν ∈ C and a , 0, we
have

e
ν
a‖x‖

a
◦‖x‖2−a∆k◦e

−νa‖x‖
a

= ‖x‖2−a∆k+ν2‖x‖a−

ν
(
(N + 2〈k〉 + a − 2) + 2

N∑
j=1

x j∂ j
)

3. The infinitesimal representation ωk,a of
sl(2,R)

3.1. sl2 triple of differential-difference op-
erators.
In this subsection, we construct a family of
Lie algebras which are isomorphic to sl(2,R)
in the space of differential-difference opera-
tors on RN. This family is parametrized by a
non-zero complex number a and a multiplic-
ity function k for the Coxeter group.



LAGUERRE SEMIGROUP AND DUNKL OPERATORS 23

We take a basis for the Lie algebra sl(2,R)
as

e+ :=
(
0 1
0 0

)
, e− :=

(
0 0
1 0

)
, h :=

(
1 0
0 −1

)
.

(3.1)
The triple {e+, e−,h} satisfies the commuta-
tion relations

[e+, e−] = h, [h, e+] = 2e+, [h, e−] = −2e−.
(3.2)

Definition 3.1. An sl2 triple is a triple of non-
zero elements in a Lie algebra satisfying the
same relation with (3.2).

We recall from Section 2 that ∆k is the Dunkl–
Laplacian associated with a multiplicity func-
tion k for a Coxeter group C, and that 〈k〉 is
the index defined in (2.3). For a non-zero
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complex parameter a, we introduce as be-
fore the following differential-difference op-
erators on RN:

E+
k,a :=

i
a
‖x‖a, E−k,a :=

i
a
‖x‖2−a∆k,

Hk,a :=
N + 2〈k〉 + a − 2

a
+

2
a

N∑
i=1

xi∂i.

The point of the definition is:

Theorem 3.2. The operators E+
k,a, E

−
k,a and

Hk,a form an sl2 triple for any complex num-
ber a , 0 and any multiplicity function k.

These differential-difference operators sta-
bilize C∞(RN \ {0}), the space of (complex
valued) smooth functions on RN \ {0}. Thus,
for each non-zero complex number a and each
multiplicity function k for the Coxeter group,
we can define an R-linear map

ωk,a : sl(2,R)→ End(C∞(RN \ {0})) (3.3)
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by setting

ωk,a(h) = Hk,a, ωk,a(e+) = E+
k,a,

ωk,a(e−) = E−k,a.

Then, Theorem 3.2 implies that ωk,a is a Lie
algebra homomorphism.
We denote by U(sl(2,C)) the universal en-

veloping algebra of the complex Lie algebra
sl(2,C) ' sl(2,R)⊗RC. Then, we can extend
(3.3) to a C-algebra homomorphism (by the
same letter)

ωk,a : U(sl(2,C))→ End(C∞(RN \ {0})).

We use the letter L to denote by the left reg-
ular representation of the Coxeter group C on
C∞(RN \ {0}).

Lemma 3.3. The two actions L of the Cox-
eter group C andωk,a of the Lie algebra sl(2,R)
commute.



26 SALEM BEN SAÏD, TOSHIYUKI KOBAYASHI, AND BENT ØRSTED

It is also convenient to consider the Caley
transform

{k,n+,n−} := c{h, e+, e−}c−1, (3.4)

where c is the unitary matrix

c =
1
√

2

(
1 −i
−i 1

)
.

That is,

k = i
(

0 1
−1 0

)
= i (e+ − e−), (3.5 a)

n+ =
1
2

(
i 1
1 −i

)
=

1
2

(i h + e+ + e−), (3.5 b)

n− =
1
2

(
−i 1
1 i

)
=

1
2

(−i h + e+ + e−). (3.5 c)

Then {k,n+,n−} forms an sl2 triple, and its
linear span gives the Lie algebra

su(1, 1) := {X ∈ sl(2,C) : X∗
(
1 0
0 −1

)
+

(
1 0
0 −1

)
X = 0},

which is another real form of sl(2,C).
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Correspondingly to the right-hand side of
(3.5 a – c), the Caley transform of the op-
erators (??) amounts to:

H̃k,a := ωk,a(k) =
‖x‖a − ‖x‖2−a∆k

a
= −

1
a
∆k,a,

(3.6 a)

Ẽ+
k,a := ωk,a(n+), (3.6 b)

Ẽ−k,a := ωk,a(n−). (3.6 c)

We denote

E :=
N∑

i=1
xi∂i

the Euler operator. Clearly, {Ẽ+
k,a, Ẽ

−
k,a, H̃k,a}

also forms an sl2 triple of differential-difference
operators. We shall find another expression
of the operators Ẽ+

k,a, Ẽ
−
k,a, H̃k,a in Lemma 3.4.

For this, we note

eν
‖x‖a

a ◦ ‖x‖2−a∆k ◦ e−ν
‖x‖a

a

= ‖x‖2−a∆k + ν2‖x‖a − aνHk,a.
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Here, Hk,a is the first order differential oper-
ator defined above.
We are ready to give a second expression of

the triple {Ẽ+
k,a, Ẽ

−
k,a, H̃k,a} as follows:

Lemma 3.4. Let Ẽ+
k,a, Ẽ−k,a, and H̃k,a be as in

(3.5 a, b, c). Then, we have:

Ẽ+
k,a = ωk,a(n+) =

i
2a

e
‖x‖a

a ◦ ‖x‖2−a∆k ◦ e−
‖x‖a

a ,

(3.7 a)

Ẽ−k,a = ωk,a(n−) =
i

2a
e−
‖x‖a

a ◦ ‖x‖2−a∆k ◦ e
‖x‖a

a ,

(3.7 b)

H̃k,a = ωk,a(k) = e−
‖x‖a

a ◦

Hk,a −
‖x‖2−a∆k

a

 ◦ e
‖x‖a

a

(3.7 c)

3.2. Laguerre functions revisited.
In this subsection, we recall the (classical)
Laguerre polynomials and give its represen-
tation by means of the one parameter group
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with infinitesimal generator t d2

dt2
+ (λ + 1) d

dt
(see Proposition 3.5).
For a complex number α ∈ C such that Reα >
−1, we write L(λ)

`
for the Laguerre polyno-

mial defined by

L(λ)
`

(t) :=
(λ + 1)`
`!

∑̀
j=0

(−`) j

(α + 1) j

t j

j!

=
∑̀
j=0

(−1) jΓ(λ + ` + 1)
(` − j)!Γ(λ + j + 1)

t j.

L(λ)
`

(t) is the unique polynomial of degree `
satisfying the Laguerre differential equation(

t
d2

dt2
+ (λ + 1 − t)

d
dt

+ `
)

f (t) = 0 (3.8)

and

f (`)(0) = (−1)`.
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Proposition 3.5. For any c , 0 and ` ∈ N,

exp
(
−c

(
t
d2

dt2
+(λ+1)

d
dt

))
t` = (−c)``!L(λ)

`

( t
c

)
.

(3.9)

Since the differential operator Bt := t d2

dt2
+

(λ+1) d
dt is homogeneous of degree−1, namely,

Bt = cBx if x = ct, it is sufficient to prove
Proposition 3.5 in the case c = 1.

3.3. Construction of an orthonormal basis
in L2(RN, ϑk,a(x)dx).
We recall from (1.2) and (2.2) that the weight
function ϑk,a on RN is given by

ϑk,a(x) = ‖x‖a−2
∏
α∈R+

|〈α, x〉|2kα = ‖x‖a−2ϑk(x),

and therefore

ϑk,a(x)dx = ϑk,a(rω)rN−1drdσ(ω)

= r2〈k〉+N+a−3ϑk(ω)drdσ(ω)
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with respect to the polar coordinate x = rω
(r > 0, ω ∈ S N−1), where dσ(ω) is the stan-
dard measure on the unit sphere. Accord-
ingly, we have a unitary isomorphism:

L2(S N−1, ϑk(ω)dσ(ω))⊗̂L2(R+, r2〈k〉+N+a−3dr)
∼
→

L2(RN, ϑk,a(x)dx),

where ⊗̂ stands for the Hilbert completion
of the tensor product space of two Hilbert
spaces. Hence, we get the irreducible de-
composition theorem of the sl2 representa-
tion on (a dense subspace of) L2(RN, ϑk,a(x)dx)
by finding an orthogonal basis for

L2(R+, r2〈k〉+N+a−3dr).

Combining, we get a direct sum decompo-
sition of the Hilbert space:∑⊕

m∈N
(H m

k (RN)|S N−1)⊗L2(R+, r2〈k〉+N+a−3dr)
∼
→

L2(RN, ϑk,a(x)dx).
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For `,m ∈ N and p ∈ H m
k (RN), we intro-

duce the following functions of x = rω ∈ RN

(r > 0, ω ∈ S N−1) by

Φ
(a)
`

(p, x) := p(x)L
(λk,a,m)
`

(2
a
‖x‖a

)
exp

(
−

1
a
‖x‖a

)
(3.10)

= p(ω)rmL(λk,a,m)
`

(2
a

ra
)

exp
(
−

1
a

ra
)

where we set

λk,a,m :=
2m + 2〈k〉 + N − 2

a
. (3.11)

Our functions Φ
(a)
`

(p, x) include the well-
studied functions as special cases:

a = 2
k ≡ 0, N = 1
k ≡ 0, a = 1.

We introduce the following vector space of
functions on RN by

Wk,a(RN) :=
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C-span{Φ(a)
`

(p, ·) | ` ∈ N,m ∈ N, p ∈H m
k (RN)}.

Proposition 3.6. Suppose k is a multiplicity
function on the root system R and a > 0 such
that

a + 2〈k〉 + N − 2 > 0. (3.12)
Let `, s,m, n ∈ N, p ∈ H m

k (RN) and q ∈
H n

k (RN).

1) Φ
(a)
`

(p, x) ∈ L2(RN, ϑk,a(x)dx).
2)∫
RN

Φ
(a)
`

(p, x)Φ(a)
s (q, x)ϑk,a(x)dx = δm,nδ`,s

aλk,a,mΓ(λk,a,m + ` + 1)

21+λk,a,mΓ(` + 1)∫
S N−1

p(ω)q(ω)ϑk(ω)dσ(ω).

3) Wk,a(RN) is a dense subspace of

L2(RN, ϑk,a(x)dx)
.
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Proposition 3.7. We fix m ∈ N, a > 0, and a
multiplicity function k satisfying

2m + 2〈k〉 + N + a − 3 > 0.
For each ` ∈ N, we set

f (a)
`,m(r) :=

( 2λk,a,m+1Γ(` + 1)

aλk,a,mΓ(λk,a,m + ` + 1)

)1/2
rm

L
(λk,a,m)
`

(2
a

ra
)

exp(−
1
a

ra).

Then { f (a)
`,m(r) : ` ∈ N} forms an orthonormal

basis in L2(R+, r2〈k〉+N+a−3dr).

For each m ∈ N,we take an orthonormal ba-
sis {h(m)

j } j∈Jm of the space H m
k (RN). Propo-

sition 3.6 immediately yields the following
statement.

Corollary 3.8. Suppose a > 0 and k satisfy
the inequality (3.12). For `,m ∈ N and j ∈
Jm, we set

Φ
(a)
`,m, j(x) := h(m)

j

( x
‖x‖

)
f (a)
`,m(‖x‖).
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Then, the set
{
Φ

(a)
`,m, j | ` ∈ N,m ∈ N, j ∈ Jm

}
forms an orthonormal basis of L2(RN, ϑk,a(x)dx

)
.

Now we are ready to exhibit the action of
the sl2 triple {k,n+,n−} on the vector space
Wk,a.

Theorem 3.9. Wk,a is stable under the action
of sl(2,C). More precisely, for each fixed p ∈
H m

k (RN), the action ωk,a (see (3.5 a–c)) is
given as follows:

ωk,a(k)Φ(a)
`

(p, x) = (2` + λk,a,m + 1)Φ(a)
`

(p, x),
(3.13 a)

ωk,a(n+)Φ(a)
`

(p, x) = −i(` + 1)Φ(a)
`+1(p, x),

(3.13 b)

ωk,a(n−)Φ(a)
`

(p, x) = −i(` + λk,a,m)Φ(a)
`−1(p, x),
(3.13 c)

where Φ
(a)
`

(p, x) is defined in (3.10) and λk,a,m =

(2m + 2〈k〉 + N − 2)/a (see (3.11)). We have
used the convention Φ

(a)
−1 ≡ 0.
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Theorem 3.9 may be visualized by the dia-
gram below. We see that for each fixed k, a,
and p ∈ H m

k (RN), the operators ωk,a(n+)
and ωk,a(n−) act as shift operators.

· · ·◦
((
◦

`−1n+
((

hh ◦

`n+
((

n−
hh ◦

`+1
((

n−
hh ◦hh · · ·

Diagram 3.3.

Here, the dots represent ωk,a(k) eigenvec-
tors Φ

(a)
`

(p, x) arranged by increasingωk,a(k)
eigenvalues, from left to right.
We recall that an operator T is called essen-

tially self-adjoint, if it is symmetric and its
closure is self-adjoint.

Corollary 3.10. Let a > 0 and k be a non-
negative multiplicity function.
(1) The differential-difference operator ∆k,a =

‖x‖2−a∆k−‖x‖a is an essentially self-adjoint
operator on L2(RN, ϑk,a(x)dx).
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(2) There is no continuous spectrum of ∆k,a.
(3) The set of discrete spectra of−∆k,a is given

by
{2a` + 2m + 2〈k〉 + N − 2 + a : `,m ∈ N} (N ≥ 2),
{2a` + 2〈k〉 + a ± 1 : ` ∈ N} (N = 1).

Proof. In light of the formula (3.6 a)
∆k,a = −aωk,a(k),

the eigenvalues of ∆k,a are read from Theo-
rem 3.9. Since Wk,a(RN) is dense in

L2(RN, ϑk,a(x)dx)
(see Proposition 3.6), the remaining statement
of Corollary 3.10 is straightforward from the
following general result. �

Fact 3.11. Let T be a symmetric operator on
a Hilbert space H with domain D(T ), and
let { fn}n be a complete orthogonal set in H .
If each fn ∈ D(T ) and there exists µn ∈ R
such that T fn = µn fn, for every n, then T is
essentially self-adjoint.
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Applying general results to our specific set-
ting where G is the universal covering group
˜S L(2,R) of S L(2,R), obtain the following

two theorems:

Theorem 3.12. Suppose a > 0 and k is a
R-valued multiplicity function such that a +

2〈k〉+N−2 > 0. Then the infinitesimal repre-
sentationωk,a of sl(2,R) lifts to a unique uni-
tary representation Ωk,a of G on the Hilbert
space L2(RN, ϑk,a(x)dx

)
. In particular, we

have

ωk,a(X) =
d
dt

∣∣∣∣t=0
Ωk,a(Exp(tX)), X ∈ g,

on Wk,a(RN), the dense subspace of

L2(RN, ϑk,a(x)dx).

Here, we have written Exp for the exponen-
tial map of sl(2,R) into G.

Theorem 3.13. Retain the assumption of The-
orem 3.12. Then, as a representation of the
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direct product group C× ˜S L(2,R), the unitary
representation L2(RN, ϑk,a(x)dx

)
decomposes

discretely as

L2(RN, ϑk,a(x)dx
)

=

∞∑⊕

m=0

(
H m

k (RN)|S N−1
)
⊗ π(λk,a,m).

Here, λk,a,m =
2m+2〈k〉+N−2

a (see (3.11)). The
decomposition of the Hilbert space

L2(RN, ϑk,a(x)dx)

is given by (2.8) In particular, the summands
are mutually orthogonal with respect to the
inner product on L2(RN, ϑk,a(x)dx

)
.

A map u of a real Lie group G into a Hilbert
space H is said to be analytic at a point g0 ∈
G if there exists a neighborhood V of g0, an
analytic coordinate system t1(g), . . . , tl(g) on
V, and coefficients ψn ∈ H , n ∈ Nl

0, such
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that
∑

n∈Nl
0
‖ψn‖|t(g)n| < ∞ and

u(g) =
∑

n∈Nl
0

ψnt(g)n

for all g ∈ V. Here l = dim(g) and t(g)n =

t1(g)n1 · · · tl(g)nl. The map u is said to be an-
alytic on G if u is analytic at each point g0
in G. A vector v in H is called an analytic
vector for a unitary representation Ω of G in
H if the map g 7→ Ω(g)v of G into H is
analytic on G in the sense just defined.
Recall from the proof of Theorem 3.12 that

the elements Φ
(a)
`

(p) are eigenfunctions of
ωk,a(�), where � := u1

2 + u2
2 + u3

2. It fol-
lows that these eigenfunctions are analytic
vectors for ωk,a(�). Hence, we have:

Proposition 3.14. Wk,a is dense in the space
of analytic vectors of the unitary representa-
tion Ωk,a.
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3.4. Connection with the Gelfand–Gindikin
program.
We recall that {u1,u2,u3} is a basis of g =

sl(2,R). We set

W := {X = t1u1+t2u2+t3u3 : t1 ≥ 0, t23+t22−t21 ≤ 0}.

Then W is an invariant closed cone in g and
is expressed as

W = Ad(S L(2,R))R≥0u1
= i Ad(S L(2,R))R≥0k.

Here, u1 = ik =

(
0 −1
1 0

)
∈ g and R≥0 = {t ∈

R : t ≥ 0}.
We write expC : gC → S L(2,C) for the

exponential map. Its restriction to iW is an
injective map, and we define the following
subset Γ(W) of S L(2,C) by

Γ(W) := S L(2,R) expC(iW).

Then, Γ(W) becomes a semigroup (the Ol-
shanski semigroup).
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Denote by Γ̃(W) the universal covering semi-
group of Γ(W), and write

Exp : g + iW → Γ̃(W)

for the lifting of expC |g+iW : g+iW → Γ(W).
Then Γ̃(W) = ˜S L(2,R) Exp(iW) and the po-
lar map
˜S L(2,R) ×W → Γ̃(W), (g, X) 7→ g Exp(iX)

is a homeomorphism.
Since W is an Ad(S L(2,R))-invariant cone,

Γ(W) is invariant under the action of S L(2,R)
from the left and right. Thus, the semigroup
Γ(W) is written also as

Γ(W) = S L(2,R) expC(−R≥0k)S L(2,R).

Its interior is given by

Γ(W0) = S L(2,R) exp(−R≥0k)S L(2,R).

and, we have

Γ̃(W) = ˜S L(2,R) expC(−R≥0k) ˜S L(2,R).
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By Theorem 3.9, Ωk,a is a discretely de-
composable unitary representation of ˜S L(2,R)
on L2(RN, ϑk,a(x)dx). It has a lowest weight
(2〈k〉+ N + a−2)/a. It then follows that Ωk,a
extends to a representation of the Olshanski
semigroup Γ̃(W), denoted by the same sym-
bol, such that:

(P1) Ωk,a : Γ̃(W)→ B(L2) is strongly contin-
uous semigroup homomorphism.

(P2) For all f ∈ L2(RN, ϑk,a(x)dx), the map
γ 7→ 〈〈Ωk,a(γ) f , f 〉〉k is holomorphic on
Γ̃(W0).

(P3) Ωk,a(γ)∗ = Ωk,a(γ]),where γ] = Exp(iX)g−1

for γ = g Exp(iX).

Here, we have denoted by B(L2) the space
of bounded operators on L2(RN, ϑk,a(x)dx).
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4. The integral representation of the
holomorphic semigroup Ωk,a(γz)

The goal here is to prove an explicit inte-
gral formula of the semigroup Ωk,a(γz) in the
Schrödinger model L2(RN, ϑk,a(x)dx

)
, for z ∈

C+ \ iπZ.

4.1. Integral representation for Ωk,a(γz). For
ν ∈ C, we set

Ĩν(w) :=
(w
2

)−ν
Iν(w) =

∞∑
`=0

w2`

22``!Γ(ν + ` + 1)
(4.1)

=
1

√
πΓ(ν + 1

2)

∫ 1

−1
ewt(1 − t2)ν−

1
2dt.

(4.2)

The point is that we can express the relevant
kernels in rank one in terms of these; and in
higher rank similar functions applied to the
radial variable.
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5. The (k, a)-generalized Fourier
transformsFk,a

The object of this section is the (k, a)-generalized
Fourier transform given by

Fk,a = e
πi
2 (2〈k〉+N+a−2

a ) exp
(πi
2a

(
‖x‖2−a∆k−‖x‖

a)).
This is a unitary operator on the Hilbert space
L2(RN, ϑk,a(x)dx).
As we mentioned in Introduction, the uni-

tary operator Fk,a includes some known trans-
forms as special cases:
• the Euclidean Fourier (a = 2, k ≡ 0),
• the Hankel transform (a = 1, k ≡ 0),
• the Dunkl transform Dk (a = 2, k > 0).
In this section, we study the unitary opera-
tors Fk,a in details for general a and k by
using the idea of sl2-triple. The point here is
that we can interpret Fk,a not as an isolated
operator but as a special value of the unitary
representation Ωk,a of the simply connected,
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simple Lie group ˜S L(2,R) at Exp
π

2

(
0 1
−1 0

)
and also as the boundary value of the holo-
morphic semigroup. Then, we see that some
of basic properties of the Euclidean Fourier
transforms can be extended to our operators
Fk,a by using the representation theory of
˜S L(2,R). Our theorem for Fk,a includes the

inversion formula, and a generalization of the
Plancherel formula, the Hecke formula, the
Bochner formula, and the Heisenberg inequal-
ity for the uncertainty principle.
As in the Introduction, the Hilbert space L2(RN, ϑk,a(x)dx)

admits much higher symmetries than C× ˜S L(2,R)
for particular values of (k, a). In fact, if k ≡
0, then the Hilbert space L2(RN, ϑk,a(x)dx)
is a representation space of the Schrödinger
model of the Weil representation of the meta-
plectic group Mp(N,R) for a = 2, and the
L2-model of the minimal representation of
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the conformal group O(N + 1, 2) for a = 1.
The special value a = 2 has been paid much
attention also for k > 0 in the sense that Fk,2
is nothing but the Dunkl operator Dk. How
about the a = 1 case for general k > 0? In
this section, we analyze the unitary operator

Hk := Fk,1 (5.1)

in a more concrete form. The unitary oper-
ator Hk may be regarded as the Dunkl ana-
logue of the classical Hankel transform F0,1.
We shall give an explicit kernel of Hk by
means of the Dunkl transform Vk and the clas-
sical Bessel functions.

5.1. Fk,a as an inversion unitary element.

The object of our study in this section is a
(k, a)-generalized Fourier transform Fk,a de-
fined as

Fk,a( f ) := eiπ2(2〈k〉+N+a−2
a )Ωk,a(γiπ2

) f , (5.2)
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for f ∈ L2(RN, ϑk,a(x)dx
)
. Here, we recall

from that

γπi
2

= Exp
(π
2

(
0 1
−1 0

))
is defined as an element of the simply con-
nected Lie group ˜S L(2,R), and from Theo-
rem 3.12 that Ωk,a is a unitary representation
of ˜S L(2,R) on the Hilbert space L2(RN, ϑk,a(x)dx).
In this subsection, we discuss basic prop-

erties of Fk,a for general k and a, which are
derived from the simple fact that γπi

2
gives the

non-trivial (therefore, the longest) element of
Weyl group with respect to the sl2-triple {h, e+, e−}.

Theorem 5.1. Let a > 0 and k be a non-
negative multiplicity function on the root sys-
tem R.
(1) (Plancherel formula) The (k, a)-generalized

Fourier transform Fk,a : L2(RN, ϑk,a(x)dx)→
L2(RN, ϑk,a(x)dx) is a unitary operator.
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That is, Fk,a is a bijective linear opera-
tor satisfying

‖Fk,a( f )‖k = ‖ f ‖k for any f ∈ L2(RN, ϑk,a(x)dx).

(2) We recall from (3.10) that Φ
(a)
`

(p, ·) is de-
fined as

Φ
(a)
`

(p, x) = p(x)L
(λk,a,m)
`

(2
a
‖x‖a

)
exp

(
−

1
a
‖x‖a

)
,

for `,m ∈ N and p ∈ H m
k (RN). Then,

Φ
(a)
`

(p, ·) is an eigenfunction of the (k, a)-
generalized Fourier transform Fk,a:

Fk,a(Φ(a)
`

(p, ·)) = e−iπ(`+m
a )Φ(a)

`
(p, ·).

(5.3)

Proof. The first statement is an immediate con-
sequence of the fact that Ωk,a is a unitary rep-
resentation of ˜S L(2,R).
To see the second statement, we recall from

Theorem 3.9 that Φ
(a)
`

(p, ·) is an eigenfunc-
tion ofωk,a(k). Then, the integration of (3.13 a)
shows the identity (5.3). �
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Corollary 5.2. The (k, a)-generalized Fourier
transform Fk,a is of finite order if and only if
a ∈ Q. If a is of the form a =

q
q′, where q and

q′ are positive integers such that (q, q′) = 1,
then

(Fk,a)2q = id .
In particular (Fk,1)2 = id and (Fk,2)4 = id.

Proof. Since {Φ(a)
`

(p, ·) | ` ∈ N,m ∈ N, p ∈
H m

k (RN)} spans a dense subspace in

L2(RN, ϑk,a(x)dx),

it follows from (5.3) that the unitary operator
Fk,a is of finite order if and only if a ∈ Q. If
a =

q
q′, then (Fk,a)2q acts on Φ

(0)
`

(p, ·) as a
scalar (

e−iπ(`+m
a )

)2q
= 1

for any m ∈ N and any p ∈ H m
k (RN). Thus,

we have proved (Fk,a)2q = id. �
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Remark 5.3. We recall Theorem 3.13 assert-
ing that L2(RN, ϑk,a(x)dx) decomposes into
a discrete direct sum of irreducible unitary
representations of G = ˜S L(2,R). Hence,
F 2

k,a acts as a scalar multiple on each sum-
mand of (??) because γπi is a central ele-

ment of G and F 2
k,a = eiπ(2〈k〉+N+a−2

a )Ωk,a(γπi)
by (5.2). Since γπi acts on the irreducible
representation π(λk,a,m) as a scalar e−πi(λk,a,m+1),
F 2

k,a acts on it as the scalar

eiπ(2〈k〉+N+a−2
a )e−πi(λk,a,m+1) = e−

2mπi
a .

This gives us an alternative interpretation
of Corollary 5.2.

Next, we discuss intertwining properties of
the (k, a)-generalized Fourier transform Fk,a
with differential operators. Let E =

∑N
j=1 x j∂ j

be the Euler operator on RN as before.
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Theorem 5.4. The unitary operator Fk,a sat-
isfies the following intertwining relations on
a dense subspace of L2(RN, ϑk,a(x)dx):
(1) Fk,a◦E = −(E + N +2〈k〉+a−2)◦Fk,a.
(2) Fk,a ◦ ‖x‖a = −‖x‖2−a∆k ◦Fk,a.
(3) Fk,a ◦ ‖x‖2−a∆k = −‖x‖a ◦Fk,a.

If we use ξ (instead of x) for the variables of
the target space of Fk,a, we may write The-
orem 5.4 (2) and (3) as

Fk,a(‖ · ‖a f )(ξ) = −‖ξ‖2−a∆kFk,a( f )(ξ),
(5.4 a)

Fk,a(‖ · ‖2−a∆k f )(ξ) = −‖ξ‖aFk,a( f )(ξ).
(5.4 b)

Proof of Theorem 5.4. We observe that γπi
2

is
a representative of the longest Weyl group el-
ement, and satisfies

Ad(γπi
2

)h = −h, Ad(γπi
2

)e+ = −e−,

Ad(γπi
2

)e− = −e+,
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(see (3.1) for the definition of e+, e−, and h).
In turn, we apply the identity

Ωk,a(g)ωk,a(X)Ωk,a(g)−1 =

ωk,a(Ad(g)X), (g ∈ G, X ∈ g),
to E+

k,a = ωk,a(e+), E−k,a = ωk,a(e−), Hk,a =

ωk,a(h) (see (??)) and Fk,a = Ωk,a
(
γπi

2

)
. Then

we have
Fk,a ◦ Hk,a = −Hk,a ◦Fk,a, (5.5)
Fk,a ◦ E

+
k,a = −E−k,a ◦Fk,a,

Fk,a ◦ E
−
k,a = −E+

k,a ◦Fk,a.

Now, Theorem 5.4 follows. �

5.2. Density of (k, a)-generalized Fourier
transform Fk,a.
By the Schwartz kernel theorem, the unitary
operator Fk,a can be expressed by means of
a distribution kernel. We adopt an expres-
sion in terms of a generalized function in the
sense of Gel’fand. This means that we can
write the unitary operator Fk,a on L2(RN, ϑk,a(x)dx)
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as an ‘integral transform’:

Fk,a f (ξ) = ck,a

∫
RN

Bk,a(x, ξ) f (x)ϑk,a(x)dx,

(5.6)
Here, we have normalized the integral by the
constant ck,a. In light of the unitary isomor-
phism

L2(RN, ϑk,a(x)dx)→ L2(RN, dx),

f (x) 7→ f (x)ϑk,a(x)
1
2,

Bk,a(x, ξ)ϑk,a(x)
1
2ϑk,a(ξ)

1
2 is a tempered dis-

tribution on RN × RN

Then, Theorem 5.4 is reformulated as the
differential equations that are satisfied by the
distribution kernel Bk,a(x, ξ) as follows:

Theorem 5.5. The distribution Bk,a(·, ·) solves
the following differential-difference equation
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on RN

ExBk,a(x, ξ) = EξBk,a(x, ξ), (5.7 a)

‖ξ‖2−a∆
ξ
kBk,a(x, ξ) = −‖x‖aBk,a(x, ξ),

(5.7 b)

‖x‖2−a∆x
kBk,a(x, ξ) = −‖ξ‖aBk,a(x, ξ).

(5.7 c)

Here, the superscript in Ex, ∆x
k, etc indicates

the relevant variable.

(The rank-one case) Recall that in the rank
one case we have the expression of Λk,a for
all a > 0. That is, in this case we still have
an explicit formula without the assumption
a = 1, 2. From Fact ??, the kernel Bk,a, for
arbitrary a > 0 and k > 0, is given explicitly
as

Bk,a(x, λ) = eiπ2(2k+a−1
a )Λk,a(x, λ; i

π

2
)

= Γ
(2k + a − 1

a

)(
J̃(2k−1)/a

(2
a
|xλ|

a
2
)
+
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xλ

(ai)
2
a

J̃(2k+1)/a
(2
a
|xλ|

a
2
))
,

where
J̃ν(w) =

(w
2

)−ν
Jν(w).

5.3. Master formula and its applications.
Let a > 0 and k be a non-negative multiplic-
ity function on the root system R. We recall
that

E+
k,a = ωk,a

(
0 1
0 0

)
=

i
a
‖x‖a,

E−k,a = ωk,a

(
0 0
1 0

)
=

i
a
‖x‖2−a∆k

are infinitesimal generators of the unitary rep-
resentation Ωk,a of G = ˜S L(2,R) on

L2(RN, ϑk,a(x)dx)

.
We introduce the operator

Bk,a := exp(iE+
k,a) exp

( i
2
E−k,a

)
. (5.8)
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We set

c0 := Exp i
(
0 1
0 0

)
Exp

i
2

(
0 0
1 0

)
∈ G.

Ad(c0) h = −k (5.9)
because

Ad(c0) h =

1
2 i
i
2 1

 1 0
0 −1

 1
2 i
i
2 1

−1

= −i
 0 1
−1 0

 .
The identity (5.9) in sl2 leads us to the iden-
tity

Bk,a ◦ ωk,a(h) = −ωk,a(k) ◦Bk,a.

Since Hk,a = ωk,a(h) acts on homogeneous
functions as scalar, the application of Bk,a to
homogeneous functions should yield eigen-
functions of ωk,a(k). Here is an explicit for-
mula

Proposition 5.6. For `,m ∈ N and p ∈H m
k (RN),

Bk,a
(
p(x)‖x‖a`

)
=

(
−

2
a

)`
`!Φ(a)

`
(p, x).
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Pa(RN) := C-span{p(x)‖x‖a` : p ∈H m
k (RN)}.
(5.10)

We note that P2(RN) is the space of polyno-
mials on RN.
Denote by (e−iπa)∗ the map defined as

(e−iπa)∗p(x) := p(e−iπa x).

The following lemma is needed for later use.

Proposition 5.7. Then the following diagram
commutes

Pa(RN)
Bk,a
−−−−→ L2(RN, ϑk,a(x)dx)

(e−iπa)∗
y yFk,a

Pa(RN)
Bk,a
−−−−→ L2(RN, ϑk,a(x)dx)

Proof. The identity (5.9) in sl2 lifts to the iden-
tity

Bk,a◦Ωk,a(Exp−t h) = Ωk,a(Exp t k)◦Bk,a,
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and in particular

Bk,a◦Ωk,a(Exp−
π

2i
h) = Ωk,a(Exp

π

2i
k)◦Bk,a,

when the both-hand sides make sense on Pa(RN).
In terms of the (k, a)-generalized Fourier trans-
form Fk,a (see (5.2)), we get

Bk,a◦exp
(πi

2
2〈k〉 + N + a − 2

a

)
Ωk,a

(
Exp−

π

2i
h
)

= Fk,a ◦Bk,a.

On the other hand, we recall that

ωk,a(h) =
2
a

N∑
j=1

x j∂ j +
N + 2〈k〉 + a − 2

a
,

and therefore its lift to the group representa-
tion is given by

(Ωk,a(Exp t h) f )(x) = exp
(N + 2〈k〉 + a − 2

a
t
)

f (e
2t
a x).
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Substituting t = πi
2 , we ge Bk,a ◦

(
e−iπa

)∗
=

Fk,a ◦ Bk,a. This completes the proof of
Claim 5.7 �

Corollary 5.8. (Hecke type identity) If in ad-
dition p is k-harmonic of degree m, then

Fk,a(e−
‖ · ‖a

a p)(λ) = e−iπame−
1
a‖λ‖

a
p(λ).

(5.11)

Corollary 5.8 may be regarded as a Hecke
type identity for the (k, a)-generalized Fourier
transform Fk,a. Another way to prove this
identity is to substitute 0 for ` in (5.3).
The above identity is a particular case of

Theorem 5.9. For this, we denote by Hν the
classical Hankel transform of one variable de-
fined by

Hν(ψ)(s) :=
∫ ∞

0
ψ(r)J̃ν

(2
a

(rs)
a
2
)
r

a
2νdr,

(5.12)
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for a function ψ defined on R+. Here, J̃ν
is the normalized Bessel function J̃ν(w) =(w

2
)−νJν(w). Then the (k, a)-generalized Fourier

transform Fk,a satisfies the following iden-
tity:

Theorem 5.9. (Bochner type identity) If f ∈
(L1∩L2)(RN, ϑk,a(x)dx) is of the form f (x) =

p(x)ψ(‖x‖) for some p ∈ H m
k (RN) and a

one-variable function ψ(r) on R+, then

Fk,a( f )(λ) = a−(2m+2〈k〉+N−2
a )e−iπamp(λ)

H2m+2〈k〉+N−2
a

(ψ)(‖λ‖),

In particular, if f is radial, then Fk,a( f ) is
also radial.

5.4. The uncertainty principle for the trans-
form Fk,a.
The Heisenberg uncertainty principle may be
formulated by means of the so-called Heisen-
berg inequality for the Euclidean Fourier trans-
form on R. Loosely, the more a function
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is concentrated, the more its Fourier trans-
form is spread. In this section we extend the
Heisenberg inequality to a (k, a)-generalized
Fourier transform Fk,a on RN.
Let k be a non-negative root multiplicity func-

tion and k > 0. We recall that ‖ · ‖k de-
notes the L2-norm with respect to the mea-
sure ϑk,a(x)dx on RN (see (1.2)). Then the
goal of this subsection is to prove the follow-
ing multiplicative inequality:

Theorem 5.10. (Heisenberg type inequality)
The (k, a)-generalized Fourier transform Fk,a
satisfies∥∥∥‖·‖a2 f

∥∥∥k

∥∥∥‖·‖a2Fk,a( f )
∥∥∥k ≥

(2〈k〉 + N + a − 2
2

)
‖ f ‖2k,

(5.13)
for any f ∈ L2(RN, ϑk,a(x)dx). The equality
holds if and only if f is of the form f (x) =

λ exp(−c‖x‖a) for some λ ∈ C and c ∈ R+.
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Remark 5.11. The inequality (5.13) for k =

0 and a = 2 is the original Heisenberg in-
equality for the Euclidean Fourier transform.
The inequality for k > 0 and a = 2 is the
Heisenberg type inequality for the Dunkl trans-
form Dk, which was proved by Rösler and by
Shimeno.

In order to prove Theorem 5.10 we begin
with the following additive inequality:

Lemma 5.12. 1) For all f ∈ L2(RN, ϑk,a(x)dx
)

∥∥∥‖·‖a2 f
∥∥∥2

k+
∥∥∥‖·‖a2Fk,a( f )

∥∥∥2
k ≥ (2〈k〉 + N + a − 2)‖ f ‖2k.

(5.14)
2) The equality holds in (5.14) if and only if

f (x) is a scalar multiple of exp(−1
a‖x‖

a).
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Proof. By Theorem 5.4 (3) and Theorem 5.1
(1), we get∥∥∥∥‖ · ‖a2Fk,a f

∥∥∥∥2

k
= 〈〈‖x‖aFk,a f ,Fk,a f 〉〉k

= −〈〈Fk,a(‖x‖2−a∆k f ),Fk,a f 〉〉k
= −〈〈‖x‖2−a∆k f , f 〉〉k.

Hence, the left-hand side of (5.14) equals
〈〈(‖x‖a − ‖x‖2−a∆k) f , f 〉〉k = 〈〈−∆k,a f , f 〉〉k.

(5.15)
It then follows from Corollary 3.10 that the
self-adjoint operator −∆k,a has only discrete
spectra, of which the minimum is 2〈k〉+ N −
2 + a. Therefore, we have proved

(5.15) ≥ (2〈k〉 + N − 2 + a)‖ f ‖2k.
Thus, the inequality (5.14) has been proved.
Further, the equality holds if and only if f
is an eigenfunction of −∆k,a corresponding
to the minimum eigenvalue 2〈k〉+ N − 2 + a,
namely, f is a scalar multiple of exp(−1

a‖x‖
a)

(i.e. by putting ` = m = 0 in the formula
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(3.10) of Φ
(a)
`

(p, x)). Hence, Lemma 5.12
has been proved. �

Proof of Theorem 5.10. Now, for c > 0, we
set fc(x) := f (cx). Using the fact that the
density ϑk,a is homogeneous of degree 2〈k〉+
a − 2, we get∥∥∥‖ · ‖a2 fc

∥∥∥2
k = c−2〈k〉−N−2a+2∥∥∥‖ · ‖a2 f

∥∥∥2
k,

(5.16 a)
and

‖ fc‖2k = c−2〈k〉−N−a+2‖ f ‖2k. (5.16 b)

Furthermore, we lift the formula in Theorem
5.4 (1) to the formula

(Fk,a fc)(x) = c−(N+2〈k〉+a−2)(Fk,a f )
(x
c

)
,

from which we get∥∥∥‖·‖a2Fk,a( fc)
∥∥∥2

k = c−2〈k〉−N+2∥∥∥‖·‖a2Fk,a( f )
∥∥∥2

k.
(5.16 c)
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Thus, if we substitute fc for f in Lemma 5.12,
we obtain
c−a∥∥∥‖·‖a2 f

∥∥∥2
k+ca∥∥∥‖·‖a2Fk,a( f )

∥∥∥2
k ≥ (2〈k〉 + N + a − 2)‖ f ‖2k.

Obviously the minimum value of the left-hand
side (as a function of c ∈ R+) is

2
∥∥∥‖ · ‖a2 f

∥∥∥k

∥∥∥‖ · ‖a2Fk,a( f )
∥∥∥k.

Hence, Theorem 5.10 has been proved. �
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