LAGUERRE SEMIGROUP AND DUNKL OPERATORS

SALEM BEN SAID, TOSHIYUKI KOBAYASHI, AND BENT @RSTED

1. INTRODUCTION

1.1. Holomorphic semigroup -% ,(z) with
two parameters k£ and a.
operators. To fix notation, let € be the Cox-
eter group associated with a root system %
in RY. For a G-invariant function k = (kq)
(multiplicity function) on %, we write Ay, for
the Dunkl Laplacian on RV

We take a > O to be a deformation parame-
ter, and introduce the following differential-
difference operator

Aka = IMP A = 1A% (LD

Here, ||x|| 1S the norm of the coordinate x €
RV, and ||x||* in the right-hand side of the
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formula stands for the multiplication opera-
tor by ||x||“. Then, Aj 4 1S @ symmetric oper-
ator on the Hilbert space Lz(RN , Uk q(X)dx)
consisting of square integrable functions on
RN against the measure Uk.a(x)dx, where the
density ¥ ,(x) is given by

Oa(®) = 12 | | Ken e (12)
AEX

The (k, a)-generalized Laguerre semigroup
I .a(2) 1s defined to be the semigroup with

infinitesimal generator éAk,a, that 1s,

Ira@) = exp(Cheg).  (13)

for z € C such that Rez > 0. (Later, we
shall use the notation % ,(z) = € 4(v7), in
connection with the Gelfand—Gindikin pro-
gram.)

In the case a = 2 and kK = 0, we have

Up.2(x) = 1 and recover the classical setting
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where

We shall prove

Theorem A.

1) A 4 extends to a self-adjoint operator on
L*(RN, 9 ,(x)dx).

2) There is no continuous spectrum of Ay,
for any a > 0 and for any non-negative
multiplicity-function k.

We also find all the discrete spectra explic-
itly.

Turning to the (k, a)-generalized Laguerre
semigroup % ,(z), we prove:

Theorem B.

1) Zk 4(2) is a holomorphic semigroup in the
complex right-half plane {z € C : Rez >
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0} in the sense that 9y ,(2) is a Hilbert—
Schmidt operator on Lz(RN , Uk o(X)dx) sat-
isfying

I.a(21)°0F,4(22) = I a(z1+22),  (Re zj > 0),
and that the scalar product (I ,(2) f, ) is
a holomorphic function of z for Rez > 0,
forany f,g € Lz(RN , Uk o(X)dX).

2) Ik 4(2) is a one-parameter group of uni-
tary operators on the imaginary axis Re z =

0.

For the particular values a = 1 and 2, we
find a closed formula for the density of the
semigroup % ,(z) by means of the Dunkl in-
tertwining operator V; and Bessel functions.

Theorem C. Suppose a = 1 or 2. Then, for
z € C such that Re z > 0,

(exp(zA,q) f)(x) =
Ck.,a f Kk,a(xay az)f ()’)ﬂk,a(y)dy ]
RN
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where ¢y, is a constant obtained by Opdam
as a solution to a conjecture of Macdonald,
and the integral kernel is expressed in terms
of Bessel functions.

1.2. (k,a)-generalized Fourier transforms
Fkar

As we mentioned in Theorem B (2), the ‘bound-
ary value’ of the (k, a)-generalized Laguerre
semigroup % ,(z) on the imaginary axis gives
a one-parameter family of unitary operators.
The case z = 0 gives the i1dentity operator,
namely, .# ,(0) = id. The particularly inter-
esting case 1s when z = %i, and we set

T e— E _ ﬂ 2—A A 114

Fra 1= ¢ Il 5) = cexp(o- (Il A1)
. . i 2<k>+N+a—2)

by multiplying the phase factor ¢ = e2 a

(see (5.2)). Then, the unitary operator %y 4

for general a and & satisfies the following sig-

nificant properties:
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Theorem D. For any a > 0 and any non-
negative multiplicity function k, Fy 4 is a uni-
tary operator on Lz(RN , Uk o(X)dx) satisfy-
ing the following formulas for any f € C 80 RN\
{0}).

D) Fra(Ef) = —(E+N+2(k)+a—2)(Fy o f).
2) Fie a9 f) = =X A(Fr ).
3) PrallMIP A f) = =X (Fpaf)-
4) ﬁkz Z = 1d if a is a rational number of the

P

form a = 7

We call .7 , a (k, a)-generalized Fourier trans-
form onRY. We note that .% k.q Teduces to the
Euclidean Fourier transform . if k = 0 and
a = 2; to the Hankel transform if £ = 0 and

a = 1; to the Dunkl transform &, introduced
by C. Dunkl himself if £ > 0 and a = 2.
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Thus, in these classical setting, our approach
uses the following expressions of % ;:

o~ N Tl 9) .
F =e 4 exp Z(A — [|x]|), (Fourier)

rQUEN) i 5
D =e 4 exp Z(Ak — [1x[]). (Dunkl)

For a = 1 and k = 0, the unitary operator

mi(N-1) 7Ti
Fop=e 2 exp(Zlldia-1))

arises as the unitary inversion operator of the
Schrodinger model of the minimal represen-
tation of the conformal group O(N + 1,2) .
Its Dunkl analogue, namely, the unitary op-
erator ¥ , fora = 1 and k > 0 seems also
interesting. Thus, we set

A = Ty = o15(2(k)+N-1) jk,l(g)-

For a general (k,a), we find the inversion
formula, the Plancherel theorem, the Hecke
1dentity, the Bochner identity, and the Heisen-
berg inequality for the (k, a)-generalized Fourier
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transform % ,. As for the Heisenberg type
inequality, we note that such an inequality
was previously proved by Rosler and Shi-
meno for the a = 2 case (1.e. the Dunkl trans-

form &;,).

1.3. sly-triple of differential-difference op-
erators.
The basic tool for the presently is the S L»
theory. The key 1dea 1s to construct an sl,-
triple of differential-difference operators with
two parameters k and a. We then apply rep-
resentation theory of S Lr(z/ R), the universal
covering group of SL(2,R). The resulting
representation 1s a discretely decomposable
unitary representation, which depends con-
tinuously on parameters a and k.

To be more precise, we introduce the fol-
lowing differential-difference operators on R\
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{0} by

l l

Bl g =l B, = P A
N
2 N+2k)+a-2
Hk,a = - Z xlﬁi + .
a a

i=1
With these operators, we have
. + —
CZAk’a =1 (Ek,a - Ek,a).
The main point here is that our operator A

can be interpreted in the framework of the
(infinite dimensional) representation of the

Lie algebra sl(2, R):

Lemma E. The differential-difference oper-
ators {Hkﬂ’El_;,a’El;a} form an shy-triple for
any multiplicity-function k and any non-zero
complex number a.

In other words, taking a basis of sl(2,R) as

. {01y _ {00y . (10
e_(OO’ ¢ =lio) "=lo-1)
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we get a Lie algebra representation wy , of
g = sl(2,R) with continuous parameters k
and @ on functions on R" by mapping

+ + —~ —~
h— Hg, e —E @ € '_)Ek,cr
The main result 1s to prove that the repre-

sentation wy ¢ of sl(2, R) lifts to the universal
covering group S L2 R):

Theorem F. If a > 0 and k is non-negative,
then wy 4 lifts to a unitary representation of

SL2,R) on L*(RN, 9y 4(x)dx).

The Hilbert space Lz(RN , Uk q(x)dx) decom-
poses discretely as a direct sum of unitary
representations of the direct product group

€ x SL2,R):
25N y
L*(RY, 9 o(x)dx) ~

2m+2<k>+N—2)
a 9

SNy @
m=0
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where %{m(RN ) stands for the representation
of the Coxeter group ¢ on the eigenspace of
the Dunkl Laplacian (the space of spherical
k-harmonics of degree m) and m(v) 1s an 1rre-
ducible unitary lowest weight representation
of § i@/ R) of weight v + 1. The unitary 1so-
morphism 1s constructed explicitly by using
Laguerre polynomials.

The unitary representation of S L2 R) on
Lz(RN , Uk o(x)dx) extends furthermore to a
holomorphic semigroup of a complex three
dimensional semigroup (see Section 3.4). Ba-
sic properties of the holomorphic semigroup
I (2) defined in (1.3) and the unitary oper-
ator .7 , can be read from the ‘dictionary’
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of sl(2,R) as follows:

i (0 1 —> 1A
\—1 0 a ka
(0 1) Z
exp iz [_1 0, «—> I 4(2) = eXP(aAk,a)
({0 1) 7Tl
wo = €Xp§ \_1 O) A tgak,a = Cjk,a(i)

e« Fp o0 |lxl

e" «— Fp g0 1x|[* %Ay

1.4. Hidden symmetries for ¢ = 1 and 2.
As we have seen 1n Section 1.1, one of the
reasons that we find an explicit formula for
the holomorphic semigroup % ,(z) (and for
the unitary operator .7 ) (see Section 1.1)
1s that there are large ‘hidden symmetries’ on
the Hilbert space when a = 1 or 2.

We recall that our analysis 1s based on the
fact that the Hilbert space LZ(RN , Uk a(X)dx)
has a symmetry of the direct product group
C xS L/(i,_/ R) for all k and a. It turns out



that this symmetry becomes larger for spe-
cial values of k and a. In this subsection, we
discuss these hidden symmetries.

First, in the case £ = 0, the Dunkl-Laplacian
A becomes the Euclidean Laplacian A, and
consequently, not only the Coxeter group ¢
but also the whole orthogonal group O(N)
commutes with A; = A. Therefore, the Hilbert
space Lz(RN , ¥0,q(x)dx) 1s acted on by O(N)X
SL(2,R). Namely, it has a larger symmetry

€ x SLZ,R) c ON) x SLZ,R).

Next, we observe that the Lie algebra of the
direct product group O(N) X S L2, R) may be
seen as a subalgebra of two different reduc-
tive Lie algebras sp(N,R) and o(N + 1, 2):

o(N)®sl(2,R) ~o(N)®do(1,2) Co(N+1,2)
o(N)®sl(2,R) =~ o(N)® sp(1,R) C sp(NV,R)

It turns out that they are the hidden symme-
tries of the Hilbert space LZ(RN , V0, 4(x)dx)



for a = 1,2. To be more precise, the confor-
mal group O(N + 1, 2)¢ (or 1ts double cover-
ing group if N 1s even) acts on Lz(RN , U0,1(x)dx)
LZ(RN : ||x||_1dx) as an irreducible unitary rep-
resentation, while the metaplectic group Mp(N, R)
(the double covering group of the symplectic
group Sp(N, R)) acts on L*(RY, 9 »(x)dx) =
L2(RN,dx) as a unitary representation.

2. PRELIMINARY RESULTS ON DUNKL OPERATORS

2.1. Dunkl operators.
Let (-, -) be the standard Euclidean scalar prod-
uct in RYY. We shall use the same notation for
its bilinear extension to CNxCN . For x € RY ,
denote by ||x|| = (x, x)1/2

For @ € RV \ {0}, let r4 be the reflection in
the hyperplane ()" orthogonal to «

Q, xe RV,

We say a finite set Z c RV of non-zero
vectors 1s a reduced root system if:
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(R1) ro(X#) = &# for all a € Z,
R Z NRa = {xa} forall « € Z

In this paper, we do not impose crystallo-
graphic conditions on the roots, and do not
require that % spans RY. Each root system
can be written as a disjoint union #Z = Z* U
(—#7), where Z* and (-#™) are separated
by a hyperplane through the origin. The set
A7 is called a positive subsystem and its choice
1S not unique.

The subgroup € Cc O(N, R) generated by the
reflections {r, | @ € Z#} is called the finite
Coxeter group associated with &%. The Weyl
groups such as the symmetric group Sy for
the type Apy_1 root system and the hyperoc-
tahedral group for the type By root system
are the case. In addition, H3, H4 (1cosahe-
dral groups) and I>(n) (symmetry group of
the regular n-gon) are the Coxeter groups.
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Definition 2.1. A multiplicity function for €
is a function k : % — C which is constant on
C-orbits.

Setting ko, := k(@) for « € #, we have
kpo, = ko for all h € € from definition. We
say k is non-negative if ko, > O for all @ € Z.
The C-vector space of multiplicity functions
on Z is denoted by _# . The dimension of %
is equal to the number of C-orbits in Z.
For ¢ € CN and k € .#, C. Dunkl intro-
duced a family of first order differential-difference
operators Tg(k) (Dunkl’s operators) by

J(x) = f(rax)
(@, x)
(2.1)

Here d¢ denotes the directional derivative cor-

responding to &. Thanks to the €-invariance

of the multiplicity function, this definition is

Te(k)f(x) = 0ef D)+ ) kale, &)

QEART



independent of the choice of the positive sub-
system # 7. The operators T¢(k) are homo-
geneous of degree —1. Moreover the Dunkl
operators satisfy:

(D1) L(h) o Tg(k) o L(h) ™! = Tje(k) for all h
¢,

(D2) Te(k)Tp(k) = Ty(k)Tg(k) for all &, €
RN,

(D3) Te(k)[fg] = gTe(k)f + fT(k)g if f and
garein C 1(RN ) and at least one of them
1s C-1nvariant.

Here, we denote by L(h) the left regular ac-
tion of 4 € € on the function space on R™:

(L&) = " - ).
Let 9. be the weight function on R defined
by

0 == | | Keox)fe,  xerV

QEART

(2.2)
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It 1s C-invariant and homogeneous of degree
2(k), where the index of the multiplicity func-
tion k 1s defined as

k) = Z ky = % Z ky. (2.3)

AEXT AER

We consider for non-negative root multiplic-
ity functions the unique linear isomorphism
Vi (Dunkl’s intertwining operator) on the space
P RN) of polynomial functions on R" such
that

A1) Vi(Zn(RY)) = 22,,(RN) for all m € N,
(I2) Vk|gZO(RN) = 1d,
(I3) Te(k)Vy = Vi0g for all £ € RY.

The intertwining operator V; plays a funda-
mental role in Dunkl’s theory.

For arbitrary finite reflection group ¢, and
for any non-negative multiplicity function £,
Rosler [?] proved that there exists a unique
positive Radon probability-measure ,ulfc on RN
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such that
Vif(x) = f F©duk ). (2.4)
RN

The support of ,ulfc 1s contained in the ball {£ €
RV | I€]] < ||x]|}. Moreover, for any Borel set
S ¢ RV , g € Cand r > 0, the following
invariant property holds:

1i(S) = ugx(gS) = L5 (rS).

2.2. Dunkl Laplacian.
The Dunkl-Laplace operator, or simply, the
Dunkl Laplacian, 1s defined as

N
A=) Te ()2, (2.5)
=1
where {£1,...,&EN} 1S an arbitrary orthonor-

mal basis of (RN,(-, ). If k = 0 then the
Dunkl-Laplace operator A; equals the Eu-
clidean Laplacian A. We can rewrite Ay, as

Arf(x) = Af(x)+
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Z ' {2<Vf(X),C¥> 2f(X)—f(i’QX)}

= llall

vt (@, x) (@, x)?

where V denotes the usual gradient operator.
A commutes with the C-action, 1.e.

LW oAroL(h)y™' = A,  VheG. (2.6)

Definition 2.2. A k-harmonic polynomial of
degree m (m € N) is a homogeneous polyno-
mial p on RN of degree m such that Arp = 0.

Denote by %’"(RN ) the space of k-harmonic
polynomials of degree m, and define the fol-
lowing inner product

(Foi=dy | f@g@t@dr),

where 1 1s the density given in (2.2), and

di = ( fS . ﬁk(a))d()'(w))_l. (2.7)
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For k = 0, dlzl 1S the volume of the unit
sphere, namely,
L r&)
0— N °
272
As 1n the k = 0 case, we have

Fact 2.3.

1) AR gn-1 (m = 0,1,2,...) is orthog-
onal to each other with respect to ( , ).
2) The Hilbert space L2(S N-1 Vi (w)do(w))

decomposes as a direct Hilbert sum:

AN oo @) = Y7 AR gnon

meN

(2.8)

To end this section, we give a generalization

of the classical formula
N

2 2
e”X” voe_”x” — A+4||X||2_2N_4Z.x](9]

J=1
to the Dunkl setting.
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Lemma 2.4. For any v € C and a # 0, we
have

)4 a . _y a —
eal % o)1 x| 12 Ap e gl = 2 aAk+v2||x||a—

N
AN+ 2k +a-2)+2 ) xj0;)
j=1

3. THE INFINITESIMAL REPRESENTATION Wy ; OF

sI(2,R)

3.1. sl triple of differential-difference op-
erators.

In this subsection, we construct a family of
Lie algebras which are isomorphic to sl(2, R)
in the space of differential-difference opera-
tors on RY. This family is parametrized by a
non-zero complex number a and a multiplic-
ity function k for the Coxeter group.
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We take a basis for the Lie algebra sl(2, R)
as

01 _ 00 1 0O
+ O — O — [

(3.1)
The triple {e*, e™, h} satisfies the commuta-
tion relations

[et,e] =h, [h,e"] = 2e™, (h,e ] = —2e".

(3.2)

Definition 3.1. An sl triple is a triple of non-
zero elements in a Lie algebra satisfying the
same relation with (3.2).

We recall from Section 2 that Ay 1s the Dunkl—
Laplacian associated with a multiplicity func-
tion k for a Coxeter group ¢, and that (k) 1s
the index defined in (2.3). For a non-zero
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complex parameter a, we introduce as be-
fore the following differential-difference op-
erators on R'V:

I _ [ 9
Ef = —x]|%, E, = —||x|]|“"%A,,
k.a a” | k.a a” | k

Hk,a =

N
N + 2{k -2 2
T <>+a +—in(9,~.

a a 4
=1

The point of the definition is:

Theorem 3.2. The operators E; E, , and

Hy o form an sl triple for any complex num-
ber a # 0 and any multiplicity function k.

These differential-difference operators sta-
bilize C®@RN \ {0}), the space of (complex
valued) smooth functions on RN \ {0}. Thus,
for each non-zero complex number a and each
multiplicity function k for the Coxeter group,
we can define an R-linear map

Wi g : SU2,R) — End(C®RN \ {0})) (3.3)
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by setting

wk,a(h) = Hk,aa wk,a(e+) = E]_;a,

Wi q(€ ) = E];a.

Then, Theorem 3.2 implies that wy , 1s a Lie
algebra homomorphism.

We denote by U(sl(2, C)) the universal en-
veloping algebra of the complex Lie algebra
s1(2,C) ~ sl(2, R)®r C. Then, we can extend
(3.3) to a C-algebra homomorphism (by the
same letter)

Wi q : U(SI(2,C)) — End(C® RN \ {0})).

We use the letter L to denote by the left reg-

ular representation of the Coxeter group € on
CO®RY\ {0)).

Lemma 3.3. The two actions L of the Cox-
eter group § and wy. , of the Lie algebra sI(2, R)
commute.
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It 1s also convenient to consider the Caley
transform

(k,n",n"}:=clh,e", e }c", (34

where c 1s the unitary matrix

=l i)

That 1s,
k = i(_ol (1)) —i(e" —e), (3.5 a)
nt = %(i _11] = %(ih +e " +e7), (3.5Db)
n~ = %(‘1’ 1] = %(—ih +et +e7). (3.5¢)

Then {k,n",n"} forms an sl, triple, and its
linear span gives the Lie algebra

0-1) \0 -1

which 1s another real form of sI(2, C).

siu(l,1) :={X €sl(2,C) : X~ (1 0 )+(1 0 )X = 0},



Correspondingly to the right-hand side of
(3.5 a — ¢), the Caley transform of the op-
erators (??) amounts to:

x| = x> A 1

Hiq = wiq(K) = ~—Aa
(3.6 a)

Ej;a = a)k,a(n”L), (3.6 b)
E];a = Wy (). (3.6 ¢)
We denote

N

E .= Z X;0;
=1

—~—

the Euler operator. Clearly, {EJra, E_ ﬁk,a}
also forms an s, triple of differential-difference
operators. We shall find another expression

of the operators EJ’G, E, ,Hp,in Lemma3.4.
For this, we note

vM 2—a —vM
e’ a ollx|]|” “Agroe " a

2— 2
= [Ixll"™Ag + v7IIxl® — avHy 4.
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Here, Hy , 1s the first order differential oper-
ator defined above.

We are ready to give a second expression of
the triple {EJr,a, E];a, ﬁk,a} as follows:

—~—

Lemma 3.4. Let E;{ra, E_ , and ng,a be as in

(3.5 a, b, c). Then, we have:

[ Xl B i

B = OkaM’) = - @ o|lx[*“Aoea,
(3.7 a)
By LI SIS N
ba = kaM ™) = —¢ a0 |u*Aoea,
(3.7b)
a 2_Cl .
o Xl A "
Hy o= wrok) =€ a o (Hk,a Al k) e
a
(3.7 ¢)

3.2. Laguerre functions revisited.

In this subsection, we recall the (classical)
Laguerre polynomials and give its represen-
tation by means of the one parameter group
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with infinitesimal generator 4 ot (A + 1) T
(see Proposition 3.5).
For a complex number @ € C such that Re o >

—1, we write Lgl) for the Laguerre polyno-
mial defined by

5 .
), A+ 1), (_f)j t/
L) = —— ;)(CH 7

_Z‘): T@+e+1)
- S E=PIT@A+j+ 1

Lgﬂ)(t) 1s the unique polynomial of degree €
satisfying the Laguerre differential equation

d2
(t— oadCER r)— +O)fO =0 (3.8)
and

790 = (-1
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Proposition 3.5. For any ¢ # O and £ € N,

d? d (1
exp(—c(tﬁ+(/l+ 1)5))#’ = (—0) C\L; ( gzg)).

: . . 2
Since the differential operator B; := t% +

(A+ 1)% 1s homogeneous of degree —1, namely,
B; = c¢By 1if x = ct, it 1s sufficient to prove
Proposition 3.5 in the case ¢ = 1.

3.3. Construction of an orthonormal basis
in L2(RY, 9 ,(x)dx).

We recall from (1.2) and (2.2) that the weight
function Jy , on RY is given by

a0 = 72 [ | K PR = 1720 (x),

aEAXT
and therefore
Uk.a(X)dx = ﬁk,a(ra))rN _ldrdc)'(a))
= PHOFNTa=3 (WYdrdo(w)
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with respect to the polar coordinate x = rw
(r>0,w e SN_l), where do(w) 1s the stan-
dard measure on the unit sphere. Accord-
ingly, we have a unitary isomorphism:

L*SN! 9 (w)do(w)@L* Ry, AR+ N+a=3 4, =

L*RY, O o(x)dx),

where ® stands for the Hilbert completion
of the tensor product space of two Hilbert
spaces. Hence, we get the irreducible de-
composition theorem of the sly representa-
tion on (a dense subspace of) Lz(RN , Uk o(X)dx)
by finding an orthogonal basis for

Lz(R+, I"2<k>+N+a_3dl’).

Combining, we get a direct sum decompo-
sition of the Hilbert space:

S AR gn-nBLA R, PR Ny

meN

L*(RY, 9 o(x)dx).
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For {,m € N and p € %{m(RN), we intro-

duce the following functions of x = rw € RY
(r>0,weSN by

Akam) (2 1
CDéa)(p, x) = p(x)L; b )(EHXHa) exp(—allxlla)

(3.10)
2 1
— mL(/lk’a’m) ~a _a
p(w)r ’ (ar )exp( ar )
where we set
2m+ 2k) + N -2
Akam = : (3.11)

a

Our functions ®(p, x) include the well-
studied functions as special cases:

a=?2
k=0, N=1
k=0, a=1.

We introduce the following vector space of
functions on R by

Wi o(RY) =
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C-span{®(p,) | € € N,m € N, p € " ®RV)).

Proposition 3.6. Suppose k is a multiplicity
function on the root system % and a > 0 such
that

a+2ky+N—2>0. (3.12)
Let {,s,m,n € N, p € %{m(RN) and q €
%{n(RN).

D@ (p, x) € L2RN, 9y 4(x)d).

2)

| 00 0 0 = St

atamT (A gm + €+ 1)
21+ dkam(£ + 1)
f p(w)q(w)di(w)do(w).
gN-1

3) Wk,a(RN ) is a dense subspace of
L*RY, 9 o(x)dx)
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Proposition 3.7. We fixm € N, a > 0, and a
multiplicity function k satisfying

2m+2k)+ N+a—-3 > 0.
For each € € N, we set
f(“)(r) _( 2k am™IT(L + 1) )1 12 m
atamT (A gm + €+ 1)

é/lkam)(z )exp(——r )

Then { féi?l(r) . £ € N} forms an orthonormal
basis in L>(R., r2\K+N+a=3 g,y

For each m € N, we take an orthonormal ba-
SIS {hg.m)} jeJ,, of the space %{m(RN ). Propo-
sition 3.6 immediately yields the following
statement.

Corollary 3.8. Suppose a > 0 and k satisfy
the inequality (3.12). For {,m € N and j €
Jm, we set

ol (x) —h(’”'”(” ) fg .

{,m,j j
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Then, the set {CDXZI/)H,]. | teN,meN,je Jm}
forms an orthonormal basis of L*(RY, D a(x)dx).

Now we are ready to exhibit the action of
the s, triple {k,n", n™} on the vector space
Wk,a-

Theorem 3.9. W, , is stable under the action
of sl(2,C). More precisely, for each fixed p €
%’j{m(RN ), the action wy, (see (3.5 a—c)) is
given as follows:

WO (P, x) = 20+ g + DO (p, ),

(3.13 a)
@O (p, x) = =it + DO (p, x),

(3.13 b)
WD (P, x) = ~i(L + A g )OS, (. ).

(3.13 ¢)

where CDéa)(p, x) is defined in (3.10) and Ay g ,, =
2m + 2{k) + N — 2)/a (see (3.11)). We have

used the convention (D(_al) = 0.
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Theorem 3.9 may be visualized by the dia-
gram below. We see that for each fixed k, a,
and p € %’j{m(RN ), the operators wy ,(n™)
and wy ,(n™) act as shift operators.

DiaGram 3.3.

Here, the dots represent wy ,(K) eigenvec-
tors (Déa)( p, x) arranged by increasing wy ,(K)
eigenvalues, from left to right.

We recall that an operator 7' 1s called essen-
tially self-adjoint, if it 1s symmetric and its
closure 1s self-adjoint.

Corollary 3.10. Let a > 0 and k be a non-

negative multiplicity function.

(1) The differential-difference operator Ay , =
||x||2_aAk—||x||“ is an essentially self-adjoint
operator on LZ(RN , Uk q(X)dXx).



(2) There is no continuous spectrum of Ay 4.
(3) The set of discrete spectra of —Ay 4 is given
by
2a€ +2m+2{k) + N-2+a:{,me N} (N >2),
{2a€ + 2{k) + a + 1 : £ € N} (N =1).

Proof. In light of the formula (3.6 a)

Ak,a = _awk,a(k)a
the eigenvalues of Ay , are read from Theo-
rem 3.9. Since Wk,a(RN ) 1s dense 1n

L*(RY, 9 o(x)dx)
(see Proposition 3.6), the remaining statement

of Corollary 3.10 1s straightforward from the
following general result. O

Fact 3.11. Let T be a symmetric operator on
a Hilbert space 77 with domain D(T), and
let { fu}n be a complete orthogonal set in € .
If each f,, € D(T) and there exists u, € R
such that T 1, = unfn, for every n, then T is
essentially self-adjoint.
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Applying general results to our specific set-
ting where G 1s the universal covering group

SL(2,R) of SL(2,R), obtain the following
two theorems:

Theorem 3.12. Suppose a > 0 and k is a
R-valued multiplicity function such that a +
2(k)+N—-2 > 0. Then the infinitesimal repre-
sentation wy 4 of sI(2, R) lifts to a unique uni-
tary representation (. , of G on the Hilbert
space L>(RY, O o(x)dx). In particular, we
have

Wi q(X) = ditt:OQk,a(EXp(tX))a X € g,

on Wk,a(RN ), the dense subspace of

L*(RY, 9 o(x)dx).
Here, we have written EXp for the exponen-

tial map of sl(2,R) into G.

Theorem 3.13. Retain the assumption of The-
orem 3.12. Then, as a representation of the
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direct product group €XS§ L(2,R), the unitary
representation L*(RY, . o(x)dx) decomposes
discretely as

L*(RN, 9y o(x)dx) =

Z@(jfkm(RNNS N—l) X ﬂ(/lk,a,m)-

m=0
Here, Ay g = 2m+2<];>+N_2 (see (3.11)). The
decomposition of the Hilbert space

L*(RY, 9 o(x)dx)

is given by (2.8) In particular, the summands

are mutually orthogonal with respect to the
inner product on L*(RV, D o(x)dx).

A map u of areal Lie group G into a Hilbert
space .7 is said to be analytic at a point g €
G 1f there exists a neighborhood V of ggp, an
analytic coordinate system #1(g), ..., ;(g) on
V, and coefficients yn € 77, n € Né, such
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that 3, Wnlli()" < oo and

u(g) = ) ymt(g)"

[
neNo

for all g € V. Here [ = dim(g) and #(g)" =
t1(g)™" - - - tj(g)™. The map u is said to be an-
alytic on G 1if u 1s analytic at each point gg
in G. A vector v in JZ is called an analytic
vector for a unitary representation 2 of G in
¢ if the map g — Q(g)v of G into F7 is
analytic on G 1n the sense just defined.
Recall from the proof of Theorem 3.12 that

the elements Cbéa)(p) are eigenfunctions of
Wy ¢(0), where O := u12 + u22 + u32. It fol-
lows that these eigenfunctions are analytic
vectors for wy ,(0). Hence, we have:

Proposition 3.14. Wy, is dense in the space
of analytic vectors of the unitary representa-
tion (. 4.
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3.4. Connection with the Gelfand-Gindikin
program.

We recall that {uy,up,u3} is a basis of g =
sl(2,R). We set

. _ : 2,2 2
W :={X = fyuy+Hup+t3uz : 11 = 0, I3+15—1 < 0}.

Then W 1s an invariant closed cone 1n g and
1s expressed as

W = Ad(S L(2, R))Rsou;
= i Ad(S L(2, R))Rsk.

Here, uy = ik = ((1) _01
R:t> 0}

We write expe @ gc — SL(2,C) for the
exponential map. Its restriction to iW is an

injective map, and we define the following
subset I'(W) of S L(2,C) by

I'(W) :=SL(2,R) expc(iW).

Then, I'(W) becomes a semigroup (the OI-
shanski semigroup).

)egandRZ():{te
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Denote by 1:(\W/) the universal covering semi-
group of I'(W), and write

Exp : g +iW — L(W)

for the lifting of expc g+iw : §+iW — I(W).
Then 1:(\_/W) =3 IZ(\Z,J R) Exp(iW) and the po-
lar map

SLZR) x W — (W), (g,X) = gExp(iX)

1s a homeomorphism.
Since W is an Ad(S L(2, R))-invariant cone,

I'(W) 1s invariant under the action of S L(2, R)
from the left and right. Thus, the semigroup
I'(W) 1s written also as

['(W) = SL(2,R) expe(—R>0k)S L(2, R).
Its interior 1s given by

r(wWY) = SL2,R) exp(-Rsok)S L(2, R).
and, we have

[(W) = SL2,R) expe(-Rx0k)S L2, R).



By Theorem 3.9, € , 1s a discretely de-
composable unitary representation of S L2 R)
on LRV, Uk.a(x)dx). It has a lowest weight
(2¢k) + N +a—2)/a. It then follows that € ,
extends to a representation of the Olshanski
semigroup [ (W), denoted by the same sym-
bol, such that:

(P1) Q4 1:(\W) — %(Lz) 1s strongly contin-
uous semigroup homomorphism.

(P2) For all f € L*(RY, ¥ ,(x)dx), the map
Y = % qo(¥)f, f Dk 18 holomorphic on
(W),

(P3) Qo) = . o(yh), where y# = Exp(iX)g™"
for y = g Exp(iX).

Here, we have denoted by B(L?) the space
of bounded operators on Lz(RN , Vg q(X)dXx).
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4. THE INTEGRAL REPRESENTATION OF THE
HOLOMORPHIC SEMIGROUP €2 ,(Y7)

The goal here 1s to prove an explicit inte-
gral formula of the semigroup € ,(y;) in the
Schrédinger model LZ(RN , U q(x)dx), for z €
C*\ inZ.

4.1. Integral representation for € ,(y;). For
v € C, we set

_ W~V S w?
IV(W) = (5) IV(W) — 52_(1) 2255!1—-(]/ + £ + 1)
- (4.1)
1
— : 1 f (1 - 7)1,
\/7_TF(V + z) —1
(4.2)

The point 1s that we can express the relevant
kernels in rank one in terms of these; and in
higher rank similar functions applied to the
radial variable.
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5. THE (k, a)-GENERALIZED FOURIER
TRANSFORMS F

The object of this section 1s the (k, a)-generalized
Fourier transform given by

i (2{k)+N+a-2 Tl 7
Fra=e2 @ exp(S-(InlF A=)

This 1s a unitary operator on the Hilbert space
L*@RN, 9y ,(x)dx).

As we mentioned 1n Introduction, the uni-
tary operator . , includes some known trans-

forms as special cases:
e the Euclidean Fourier (a =2,k =0),

e the Hankel transform (a =1,k =0),

e the Dunkl transform & (a = 2, k > 0).
In this section, we study the unitary opera-

tors F 4 in details for general a and k by
using the 1dea of sly-triple. The point here 1s
that we can interpret .7 , not as an isolated
operator but as a special value of the unitary
representation ) , of the simply connected,
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simple Lie group SL(2,R) at Expg _01 (1)
and also as the boundary value of the holo-
morphic semigroup. Then, we see that some
of basic properties of the Euclidean Fourier
transforms can be extended to our operators

Fk.a by using the representation theory of

S L(2,R). Our theorem for .Z, k.o includes the

inversion formula, and a generalization of the

Plancherel formula, the Hecke formula, the

Bochner formula, and the Heisenberg inequal-
ity for the uncertainty principle.

As in the Introduction, the Hilbert space LRV, y
admits much higher symmetries than €xS§ L2, R)
for particular values of (k,a). In fact, if £ =
0, then the Hilbert space L*(RY, 9% ,(x)dx)
1s a representation space of the Schrodinger
model of the Weil representation of the meta-
plectic group Mp(N,R) for a = 2, and the
L?-model of the minimal representation of



the conformal group O(N + 1,2) for a = 1.
The special value a = 2 has been paid much
attention also for k > 0 in the sense that .7 »
is nothing but the Dunkl operator &;,. How
about the a = 1 case for general k > 0? In
this section, we analyze the unitary operator

M = Ty (5.1

in a more concrete form. The unitary oper-
ator .7¢;, may be regarded as the Dunkl ana-
logue of the classical Hankel transform % ;.
We shall give an explicit kernel of 77 by
means of the Dunkl transform V}, and the clas-
sical Bessel functions.

5.1. Z 4 as an inversion unitary element.

The object of our study in this section 1s a
(k, a)-generalized Fourier transform .%, , de-

fined as
2{kY+N+a-2

Fra(f) = 2T I i f, (52)
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for f € L*(RN, Dt o(x)dx). Here, we recall

from that
(0 1
vy = Bxp(3 (—1 o))

1s defined as an element of the simply con-
nected Lie group S L2 R), and from Theo-
rem 3.12 that € , 1s a unitary representation
of S Lr(i,-/ R) on the Hilbert space LZ(RN , Uk o(X)dXx).

In this subsection, we discuss basic prop-
erties of % , for general k and a, which are
derived from the simple fact that y,; gives the

2
non-trivial (therefore, the longest) element of
Weyl group with respect to the sly-triple {h, e™, e }.

Theorem 5.1. Let a > 0 and k be a non-
negative multiplicity function on the root sys-

tem X .

(1) (Plancherel formula) The (k, a)-generalized
Fourier transform Fy, , : L2RY, Uk.a(X)dx) —
Lz(RN , Uk o(X)dx) is a unitary operator.
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That is, Fy 4 is a bijective linear opera-
tor satisfying

1Zka(Olle = Il for any f € LARY, 9 4(x)dx).

(2) We recall from (3.10) that (I)éa)(p, ) is de-
fined as

Aam) (2 1
O (p.2) = pCoL, " (Zfxl) exp(— 1),

for £,m € N and p € c%’j{m(RN). Then,

(Déa)( D, *) is an eigenfunction of the (k, a)-
generalized Fourier transform Fy ,:

Fiea @ (p, ) = DO (p, ),
(5.3)

Proof. The first statement 1s an immediate con-
sequence of the fact that {2 , 1s a unitary rep-
resentation of S Lr(i,'/ R).

To see the second statement, we recall from
Theorem 3.9 that (I)ga)(p, -) 1s an eigenfunc-
tion of wy ,(K). Then, the integration of (3.13 a)
shows the 1dentity (35.3). O
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Corollary 5.2. The (k, a)-generalized Fourier
transform Fy , is of finite order if and only if
ac€ Q. Ifais of the forma = %, where q and

q’ are positive integers such that (q,q") = 1,
then

(Fra)*d =id.
In particular (1%@1)2 = id and (9&2)4 = 1id.

Proof. Since {(Déa)(p, )| € e N,meN,p e
%Cm(RN )} spans a dense subspace in

LR, 9 o(0)d),
it follows from (35.3) that the unitary operator
F . q 18 of finite order if and only if a € Q. If
a = %, then (L%{,a)zq acts on (Dg))(p, ) as a
scalar

(e—iﬂ'(f+%))2q — 1
for any m € N and any p € %’j{m(RN ). Thus,
we have proved (gk,a)Zq = id. O
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Remark 5.3. We recall Theorem 3.13 assert-
ing that L2(RY, Uk.a(X)dx) decomposes into
a discrete direct sum of irreducible unitary
representations of G = Si@/ R). Hence,

ﬁkza acts as a scalar multiple on each sum-

mand of (2?) because yr; is a central ele-

) i7r(2<k>+N+a_2)
ment of G and Jk,a =e a Q. a(Vri)
by (5.2). Since yn; acts on the irreducible

representation n(Ay g ) as a scalar e™ (A amt1),
F k2 acts on it as the scalar
. 2Uk)+N+a-2 : 2mri
em( : )e—m(/lk,a,m+l) . ’Zm.

This gives us an alternative interpretation
of Corollary 5.2.

Next, we discuss intertwining properties of
the (k, a)-generalized Fourier transform .7,

with differential operators. Let E = Z]]y: X0

be the Euler operator on R as before.
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Theorem 5.4. The unitary operator Fy , sat-
isfies the following intertwining relations on

a dense subspace of Lz(RN , Uk a(X)dx):

(1) FaoE = —(E+N+2k)+a—-2)o Fy,.
(2) Frao IIHl® = =lIXl*~A 0 Ty

(3) P o XA = =IIxll* © F o

If we use £ (1nstead of x) for the variables of
the target space of .7 ,, we may write The-

orem 5.4 (2) and (3) as
T alll - 19)E) = =lIEIF AT a(H)E),
(5.4 a)
T alll - 1P A)E) = €10 Fr a()E).
(5.4 b)

Proof of Theorem 5.4. We observe that y; 1s
2

a representative of the longest Weyl group el-
ement, and satisfies

Ad(yz)h = —h, Ad(yn)e" = —€",
2 2

Ad(yg)e = —e™,
>
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(see (3.1) for the definition of e*, e, and h).
In turn, we apply the identity

Qk,a(g)wk,a(X)Qk,a(g)_l =

wrqa(Ad(@)X), (g€G, Xe€g),
to E+ = wka(e+) E_ = wiqle), Hyy =
W, a(h) (see (??)) and fk a = a(%u) Then
we have

Fka © Hkg = —Hi g © Fp g, (5.5)

gkaa © El_cl_,a = _El;,a © gk,aa

Fka © By = —E,‘;a o Fk.a

Now, Theorem 5.4 follows. O

5.2. Density of (k,a)-generalized Fourier
transform .7 .

By the Schwartz kernel theorem, the unitary
operator % , can be expressed by means of

a distribution kernel. We adopt an expres-

sion in terms of a generalized function in the

sense of Gel’fand. This means that we can

write the unitary operator .7 , on L2RV, Uk.a(X)dx)
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as an ‘integral transform’:

yk,af(f) = Ck,af

By o(x, ) f (X)V q(x)dx,
RN

(5.6)
Here, we have normalized the integral by the
constant ¢y ,. In light of the unitary isomor-
phism

L*®RY, 9 o(x)dx) - L*(RY, dx),

FOO) = FQ)T (02,

By 4(x, f)ﬁk,a(x)%ﬂk,a(f)% is a tempered dis-
tribution on RY x RY

Then, Theorem 5.4 is reformulated as the
differential equations that are satisfied by the
distribution kernel By ,(x, &) as follows:

Theorem 5.5. The distribution By (-, -) solves
the following differential-difference equation
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on RN

E*Bya(x.&) = E*Bro(x.6),  (57a)

IE12 A By o(x, €) = X1 By o (x, £),
(5.7 b)

IX* AL By o(x, ) = ~II€]1* By o(x, &).
(5.7 ¢)

Here, the superscript in E*, A;{C, etc indicates
the relevant variable.

(The rank-one case) Recall that in the rank
one case we have the expression of Ay , for
all a > 0. That 1s, 1n this case we still have
an explicit formula without the assumption
a = 1,2. From Fact ??, the kernel By ,, for
arbitrary a > 0 and k > 0, 1s given explicitly

das
2k+a—1

Big(x, 1) = €2 a DAy 4(x, A i% >

:F(2k+;_1

)(ﬁZk—l)/a(EM/u%)"‘
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xA — 2 a
—ZJ(2k+1)/a(;|X/l|2)),
(ai)a
where
w

Hw) = (5)Jvw.

5.3. Master formula and its applications.
Let a > 0 and k be a non-negative multiplic-
ity function on the root system %#. We recall

that

l

+
Ek’a = wk,a — allx”aa

_ i
By = Wka = |l “A

are infinitesimal generators of the unitary rep-
resentation £ , of G = S L(2,R) on

L*RY, 9 o(x)dx)

We 1ntroduce the operator

. i
PBra = expli EZ ) exp(EEk, a). (5.8)
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We set
co = Expi(g (1)) Exp%((l) 8) € G.
Ad(cg)h = -k (5.9)

because

. -1
Ad(e)h %z 10 %z _ (01
0 tflo-1){4 1 ~10)

The 1dentity (5.9) in sl, leads us to the iden-
tity
PBha © Wi,ah) = —wp 4(K) © B .

Since Hy , = wy 4(h) acts on homogeneous
functions as scalar, the application of % , to
homogeneous functions should yield eigen-
functions of wy ,(K). Here 1s an explicit for-
mula

Proposition 5.6. For {,m € Nand p € %’%’"(RN ),

2 a
By (PO = (<2) 010 (p, x).

a
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Po(RY) := C-span{p()|ld* : p € A" ®RY)).
(5.10)
We note that Z2(RY) is the space of polyno-
mials on RV, |
Denote by (e_lg)* the map defined as

(e7Tay* p(x) := p(e lax).

The following lemma 1s needed for later use.

Proposition 5.7. Then the following diagram

commutes
%k,a 0
Pa®RY) —= L*RN, 0 4(x)dx)
(e—ig)*l lyk,a
B

PURN) 25 2R, 9y o(x)d)

Proof. The identity (5.9) 1n sy lifts to the 1den-
tity

B0 © Q. a(BExp—th) = Q (Exptk)oFBy ,,
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and 1n particular

T T
PBr.a°% . a(EXp —2—ih) = Qp o(Exp Zk)O%k,a,

when the both-hand sides make sense on @a(RN ).
In terms of the (k, a)-generalized Fourier trans-
form .7 , (see (5.2)), we get

mi2{k)+ N +a—-2

T
%k,aoexp( 5 » ) Qk,a(Exp _Eh)
= 7, k,a © f%)k,a-
On the other hand, we recall that
N
2 N+2k)+a-2
W a(h) = az;xja]- + . ,
J:

and therefore its lift to the group representa-
tion is given by

(QaExp () = exp( 2 LAZ2)

fledx).
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Substituting ¢ = %i, we ge By 4 © (e_ig)* =
Fka © PByq This completes the proof of
Claim 3.7 O

Corollary 5.8. (Hecke type identity) If in ad-
dition p is k-harmonic of degree m, then
-1 7T L@
Frale” @ p)Q) = e 'a"e"a p(a),
(3.11)

Corollary 5.8 may be regarded as a Hecke
type 1dentity for the (k, a)-generalized Fourier
transform .%#; ,. Another way to prove this
1dentity 1s to substitute O for € in (5.3).

The above i1dentity 1s a particular case of
Theorem 5.9. For this, we denote by H, the

classical Hankel transform of one variable de-
fined by

0 — 2 a\ a
H)) = [ 00T
0 a
(5.12)
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for a function ¢ defined on Ry. Iiere, fv
1s the normalized Bessel function J,(w) =

(%)~ Jy(w). Then the (k, a)-generalized Fourier
transform % , satisfies the following iden-
tity:

Theorem 5.9. (Bochner type identity) If f €
(L'NL2)RN, 9y o(x)dx) is of the form f(x) =
pO(Ixll) for some p € FEMRY) and a
one-variable function y(r) on Ry, then

(2m+2(k Y»+N— 2) _ —m
Fka()A) =a p()
Hp000+n-2 W) (1)),

In particular, if f is radial, then Fy ,(f) is
also radial.

5.4. The uncertainty principle for the trans-
form .7 .

The Heisenberg uncertainty principle may be
formulated by means of the so-called Heisen-
berg inequality for the Euclidean Fourier trans-
form on R. Loosely, the more a function
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1s concentrated, the more 1ts Fourier trans-
form 1s spread. In this section we extend the
Heisenberg inequality to a (k, a)-generalized
Fourier transform .7 , on RN,

Let k be a non-negative root multiplicity func-
tion and £k > 0. We recall that || - || de-
notes the L?-norm with respect to the mea-
sure Uy ,(x)dx on RV (see (1.2)). Then the
goal of this subsection 1s to prove the follow-
ing multiplicative inequality:

Theorem 5.10. (Heisenberg type inequality)
The (k, a)-generalized Fourier transform 7y ,
satisfies

a a 22Uy + N -2
||||‘||2fHk”||'||2<92k,a(f)”k2(<>+ e )

(3.13)
for any f € L2RY, Uk.a(X)dx). The equality
holds if and only if f is of the form f(x) =
Aexp(—c||x||) for some A € C and ¢ € Ry.

2
1712,



Remark 5.11. The inequality (5.13) for k =
0 and a = 2 is the original Heisenberg in-
equality for the Euclidean Fourier transform.
The inequality for k > 0 and a = 2 is the
Heisenberg type inequality for the Dunkl trans-
form 9, which was proved by Rosler and by
Shimeno.

In order to prove Theorem 5.10 we begin
with the following additive inequality:

Lemma 5.12. 1) Forall f € L> (RN, 9 ,(x)dx)

A +HIHEZ a2 @K + N +a = 211
(5.14)
2) The equality holds in (5.14) if and only if
f(x) is a scalar multiple of exp(—éllxll“).
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Proof. By Theorem 5.4 (3) and Theorem 5.1
(1), we get

a 2
|1 12kaf ||, = X Fiaf. FrafM

= (T A ), T Vi

= (P Ay e
Hence, the left-hand side of (5.14) equals

(A = 1AF A fo fIr = €—Drafs [
(35.15)
It then follows from Corollary 3.10 that the
self-adjoint operator —Ay , has only discrete
spectra, of which the minimum 1s 2¢k) + N —
2 + a. Therefore, we have proved

(5.15) > (2¢k) + N = 2 + a)lI Il

Thus, the inequality (5.14) has been proved.
Further, the equality holds if and only if f
is an eigenfunction of —Ay , corresponding
to the minimum eigenvalue 2¢k) + N — 2 + a,
namely, f is a scalar multiple of exp(—éllxll“)
(1.e. by putting { = m = 0 in the formula
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(3.10) of ®”(p,x)). Hence, Lemma 5.12
has been proved. O

Proof of Theorem 5.10. Now, for ¢ > 0, we
set fe(x) := f(cx). Using the fact that the
density ¥ , 1s homogeneous of degree 2(k) +
a—2,we get

- 1217 = e 2R=N=2a42) - 12 1]l
(5.16 a)

and
Ifell? = O N=a+2) 12 (5.16 b)

Furthermore, we lift the formula in Theorem
5.4 (1) to the formula

(Fraf)) = V2O Z 1)),

from which we get

||||°||%gzk,a(fc)|‘]% = c_2<k>_N+2||||°||%9k,a(f)“io

(5.16 ¢)
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Thus, 1f we substitute f. for f in Lemma 5.12,
we obtain
_ a 12 a 2
YA AR Zra(D|); = QK + N +a=2)]
Obviously the minimum value of the left-hand
side (as a function of ¢ € Ry ) 1s

2 02 A 11 12 Fa)|,-

Hence, Theorem 5.10 has been proved. O
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