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Aim and background. One important
aspect of Dunkl analysis is to consider the
role of the Dunkl Laplacian, deforming the
usual Laplacian by a parameter k. Several
people have worked on this, viz.

o K. Trimeche

e M. Sifi, F. Soltani

e S. Ben Said

o M. Rosler

o M. F. de Jeu

e [£. Opdam

e 5. J. Heckman

e C. Dunkl and Y. Xu

to name a few. Among the topics studied
have been

e properties of special functions
e the deformation of the heat kernel
e Intertwining operators



2 BENT ORSTED

e Dunkl’s deformation of the Fourier trans-
form

e analogues of the Segal-Bargmann trans-
form

e analogues of the wave equation

e further deformations of the Fourier trans-
form

After introducing the basic material, these
lectures will first investigate a generaliza-
tion of both the Fock spaces and the Segal-
Bargmann transform in the setting of Cox-
eter groups and Dunkl operators. The mo-
tivation for studying the Segal-Bargmann
transform is to exhibit some relationships
between Dunkl’s theory and its applications
in the Schrodinger model and in the Fock
model which includes the study of the Calogero-
Moser systems, and the Dunkl transform.
We will also prove that one can develop
an analogous theory of Howe dual pairs to
obtain the branching decomposition of the
generalized Fock space. It turns out, as a
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key observation, that there exists an s[(2)-
triple based on the Dunkl-Laplacian (see
below) giving rise to an interesting unitary

— N—

representation of the universal covering SL(2, R),
that is an analogue to the classical meta-
plectic representation of Mp(2, R). By means
of this representation, we may also prove a
Bochner formula for the Dunkl transform.
Furthermore, this allows to investigate the
validity of Huygens’ principle for wave equa-
tions for the Dunkl-Laplacian operators. To
do so, we adapt R. Howe’s method for the
Euclidean Fourier transtorm, and for the
classical wave equation, respectively.

1. BASIC NOTIONS

Let (-,-) be the standard Euclidean scalar

product in RV . as well as its bilinear ex-
tension to CV x CN. For o € RN \ {0},
let o be the reflection on the hyperplane
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(o)1 orthogonal to a

(@, )
(@, @)

Let Z be a reduced root system, i.e. Z N
Ra = {+a} for all @« € Z and ry(Z) =
% . Henceforth, we will normalize & in the
sense that (a, ) = 2. This simplifies for-
mulas, with no loss of generality for our pur-
poses.

A Coxeter group G is a finite subgroup
of the orthogonal group O(N) generated
by the reflections {rq |a € Z}. Note that
Coxeter groups generalize Weyl groups since
there is no additional crystallographic con-
dition for Z.

A multiplicity function on & is a G-invariant
function k : Z — C. Weset £ to be the
set of multiplicity functions k = (ka)ycz
such that k, > 0 for all o, and we let Z*
be a choice of positive roots in Z.

Around 1990, C. Dunkl defined a family of
first order differential-difference operators

Q, r e RY.

ro(z) = —2
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that play the role of the usual partial dif-
ferentiation. Dunkl’s operators are defined

by
Te(k) f(x) = Og f(x)+
Z k&<a7 >f(33><; ];gr&x)’ fe (51<RN)’

where 8{5 denotes the directional derivative

corresponding to &. In particular, for any
orthonormal basis {gz}f\i , of R the Dunkl-

Laplacian operator Ay, := Zi\il T g(k) can

be written as

Apflx)=Af(x)+2 Y ka

AERT
{(Vf(ﬂf)a a)  flz)— f(Tax)}
(a, ) (o, )2 ’

where A and V denote the usual Laplacian
and gradient, respectively. For all +-th ba-
sis vectors &;, we will use the abbreviation
T@.(k) = T;(k).

For k € ¢, there exists a generaliza-
tion of the usual exponential kernel el)



by means of the Dunkl system of differen-
tial equations.

Theorem 1.1. For k € £, there ex-
ists a unique function E; on CN x CN
characterized by:

(1) Te(k)Ey(z, w) = (§, w)Ex(z, w); and

(ii) Er(z,0) = 1.
Moreover, this function satisfies

(i) Ey is holomorphic on CN x CV
and

(v) Exlgo - 2,90 - w) = Eg(z,w) for all
g0 € G.

For complex-valued k&, there is a detailed
investigation of (i) by Opdam. Theorem 2.1
is a weak version of Opdam’s result. The
function Ej. is the so-called Dunkl kernel.
When k = 0, we have Ey(z,w) = el
for z,w € CHV.
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For k € Z, let wy. be the weight func-
tion on RY defined by

2k,
wp(e) = ] ez
aERT
Further, let

Cp = / e_<x’x>/2wk(x) dx,
RN
which is called the Macdonald-Metha-Selberg

integral. The following proposition is cru-
cial in Dunkl’s theory and its applications.

Proposition 1.2. Let z,w € CV. For
non-negative multiplicity function k,

/ Ek(aj,Z)Ek(:z:,w)e_<x’x>/2wk(x)d:z::
RN
AT ww)2p (0 ),

For z,w € CV, define
K w(z) = Ki(z, w) == Ey(z, ).
As k will be fixed, we will write K for K.

By Theorem 2.1, one may check that K is
continuous and IK,, is holomorphic for all
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w € CN. Further, K(z, w) = K(w, z). An-

other crucial property is that K(z,w) is a

positive definite kernel, i.e. for all 21 e 2

CN and ai,...ap € C
14
1,7=1
These properties of K lead to the following
result.

K)E

Theorem 1.3. (i) There exists a Hilbert
space Fi.(CN) of holomorphic functions
on CN , such that K s its reproducing
kernel.

(ii) The Hilbert space F1.(CN) contains
the C-algebra 2(CY) of polynomial func-
tions on CV as a dense subspace.

Now we have the integral representation
of the Segal-Bargmann transform ;. given

by

Theorem 1.4. A unitary isomorphism
B - L2RY wy) — F.(CN) is defined
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by
B f(z) = Q”ykJrN/QC];l/Qe—(z,z)/Q

| S @B, VB 0y (@) do
R
where Vi == ) e+ Fa-

2. LLIST OF TOPICS

The aim of the lectures is to first present
the details of some of the results above;
depending on the interests of the audience
more applications of the basic functions and
the s[(2, R)-representation discussed above
may be given. A possible outline of topics
is:

e Construction of the generalized Segal-
Bargmann transform

e Dual pairs associated with Dunkl oper-
ators

e Wave equations for Dunkl differential-
difference operators and Huygens’ prin-
ciple



e The Dunkl transtorm and Bochner-type
formulas

e Bessel functions and analysis on flat sym-
metric spaces

e Further deformations of the Fourier trans-
form

e The Dunkl operator analogue of the Dirac
operator
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