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Introduction

The Atiyah-Singer index theorem proved by M. Atiyah and I.Singer in 1963 states that for
an elliptic differential operator on a compact manifold, the analytical index related to the
dimension of the space of solutions is equal to the topological index defined in terms of
some topological data. It includes many important theorems such as the Riemann-Roch
theorem and has applications in theoretical physics.
We describe two simple instances of the index theorem:

• The Euler characteristic of a compact oriented manifold is realised as the analytic
index of D = d+ d∗ considered as a map from even to odd forms, with d the exterior
differential on forms.

• The Hirzebruch signature theorem relates the signature of a compact smooth manifold
of dimension 4k corresponding to the analytic index of a certain Dirac operator on
forms, with the L-genus of the manifold.

Since these lectures are intended for non experts, we do not aim at proving these theorems
but rather at providing the necessary geometric tools to understand their statement.

1 Vector bundles and tensor fields

1.1 Definition and first properties

Useful references are [Hus], [KN], [Na].

Definition 1 A (real or complex) vector bundle of class Ck is a fibre bundle of class Ck

with typical fibre a (real or complex) vector space V .
In other words, it is a triple (E,B, π) often denoted by π : E → B where
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- E and B are differentiable manifolds of class Ck, called total space and base space
respectively,

- π : E → B is a map of class Ck, called canonical projection, such that there is a set
of local charts (Ui, φi)i∈I covering B and Ck diffeomorphisms

τi : π−1(Ui) → φi(Ui) × V

satisfying the following requirements:

i) the fibre Fb = π−1(b) is a vector space and

ii) τi(b) := τi|Fb
is an isomorphism from Fb to V .

A triple (Ui, φi, τi) is called a local trivialisation of the bundle.
Two local triviallisations (Ui, φi, τi) and (Uj , φj , τj) give rise to maps τij := τi ◦ τ−1

j called
transition maps of the form:

τij : (Ui ∩ Uj) × V → (φi(Ui) ∩ φj(Uj)) × V

(b, v) 7→ (b, τij(b)(v))

where the τij(b) lie in GL(V ).

When V = IRd (resp. ICd), the vector bundle has rank d. If d = 1 it is called a line
bundle.
The family {τij} is called cocycle associated to the triviallisation {Ui, τi, i ∈ I}, and

τij ◦ τjk ◦ τki = 1

a cocycle relation.

A Ck section of a fibre bundle π : F → B is a map s : B → F of class Ck such that
π ◦ s = IdB. It is smooth when it is of class Ck for all k ∈ IN.
A real finite rank vector bundle is orientable provided it has a triviallisation with transition
maps τij(b) with positive determinant. A manifold is orientable whenever its tangent bundle
is orientable.

Remark 1 In the following we mainly consider smooth manifolds and smooth bundles as
well as smooth sections.

Remark 2 From a covering of a manifold B together with a set of transition maps satis-
fying these relations one can reconstruct the fibre bundle on B.

Example 1 Given a manifold M of class Ck+1 (resp. of class C∞) modelled on a space
V , the tangent bundle TM is a Ck (resp. C∞)-vector bundle with fibres modelled on that
same space V ; given a local triviallisation (Ui, φi) on M , a local triviallisation (Ui, φi, τi)
on TM is given by (Ui, φi, Dφi) and Dφi ◦Dφ−1

j is of class Ck−1.

Definition 2 A morphism of Ck fibre vector bundles π : E → B and π′ : E′ → B′ is a
couple (f0, f) of Ck morphisms f0 : B → B′ and f : E → E′ such that π′ ◦ f = f0 ◦ π and

the induced map on the fibres fb : π−1(b) → (π′)
−1

(b) is a linear morphism of the fibres.
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In what follows we shall often take B = B′.

Two vector bundles are isomorphic if there is a diffeomorphism from one to the other.
A trivial vector bundle is vector bundle isomorphic to the bundle π : E = B × V → V.

Definition 3 Let φ : B′ → B be a Ck morphism of Banach manifolds, and let E → B be
a Ck vector bundle over B. The pull-back φ∗E of E by φ is a fibre bundle φ∗π : φ∗E → B′

with total space:
φ∗E := {(b′, v(φ(b′))) ∈ B′ × Eφ(b′))}

where V is the model space of E and with projection φ∗π(b) = π(φ(b)).

The set of Ck-sections (resp. C∞-sections) of a vector bundle E forms a vector space de-
noted by Ck(E) (resp. C∞(E)).

Vector fields on a smooth manifold M are smooth sections of the tangent vector bun-
dle. When φ is a diffeomorphism, the pull-back φ∗ξ of a vector field is a section of the
pull-back φ∗TM of the tangent bundle to M and φ∗ξ(φ(m)) = Dφ(ξ(m)).

1.2 Tensor, dual and morphism bundles

Definition 4 Let π1 : E1 → B and π2 : E2 → B be two vector bundles of class Ck with
fibres modelled on V1 and V2 respectively. The tensor product π1 ⊗ π2 : E1 ⊗ E2 → B is a
vector bundle of class Ck modelled on V1 ⊗ V2 with fibre π−1

1 (b) ⊗ π−1
2 (b) above b ∈ B and

the local triviallisations of which are built from the tensor product of local triviallisations
(Ui, φi, τ

1
i ), (Ui, φi, τ

2
i ) and (Ui, φi, τ

1
i ⊗ τ2

i ).

Transition functions are given by tensor products τ1
ij ⊗ τ2

ij where τk
ij , k = 1, 2 are transition

maps for the bundles Ek, k = 1, 2.
Whenever E1 and E2 have ranks d1 and d2, their tensor product has rank d1d2.

Given a topological vector space V , the dual space V ∗ is the space of continuous linear
forms on V .

Definition 5 Let π : E → B be a Ck vector bundle with fibres modelled on a Banach space
V . The dual bundle π∗ : E∗ → B is a vector bundle of class Ck modelled on V ∗ with
fibre

(

π−1(b)
)∗

above b ∈ B and local triviallisations (Ui, φi,
(

τ−1
i

)∗
) induced by some local

triviallisation (Ui, φi, τi) of E. The transition maps are given by
(

τ−1
ij

)∗
, where the τij are

transition maps for E.

Combining duals and tensor products yields different types of bundles which are useful for
geometric purposes. The homomorphism bundle is one of them:

Definition 6 Given two vector bundles E → B and F → B, we can build the bundle
Hom(E,F ) := E∗ ⊗ F of linear morphisms from E to F . When E = F we denote it by
End(E).

Also we shall use the notion of symmetrized and antisymmetrized tensor products of vector
bundles:
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Definition 7 Given vector bundles E1, · · · , Ek based on some manifold B, we can build
symmetric sections of their tensor product from sections σ1, · · · , σk of E1, · · · , Ek:

σ1 ⊗s σ2 ⊗s · · · ⊗s σk :=
1

k!

∑

α∈Σk

σα(1) ⊗ σα(2) ⊗ · · · ⊗ σα(k),

and similarly antisymmetric sections:

σ1 ∧ σ2 ∧ · · · ∧ σk :=
1

k!

∑

α∈Σk

(−1)sign(α)σα(1) ⊗ σα(2) ⊗ · · · ⊗ σα(k)

where sign(α) is the signature of the permutation.

Another useful class of bundles is that of tensor bundles on a manifold:

Definition 8 Given an n-dimensional manifold X of class Ck then:

- The dual bundle T ∗X to the tangent bundle TX is a vector bundle called the cotangent
bundle. It is a vector bundle of class Ck−1 over B = X of rank n. Its sections are
called cotangent vector fields.

- The tensor bundle TXq := ⊗qTX, q ∈ IN∗ is a vector bundle of class Ck−1 over
B = X of rank qn. Its sections are called contravariant q-tensor fields.

- The tensor bundle (TX∗)
p

:= ⊗pTX, p ∈ IN∗ is a vector bundle of class Ck−1 over
B = X of rank qn. Its sections are called covariant p-tensor fields.

- A (p, q) tensor field is a section of the bundle (⊗qTX)⊗ (⊗pT ∗X).
A p-form on M is an antisymmetric p-covariant tensor on M .

Remark 3 In finite dimensions, one often writes a (p, q) tensor T in local coordinates as

T
j1···jq

i1···ip
.

Pull-backs can be extended to covariant tensor fields.
Given a morphism φ : X → Y between two Ck manifolds X and Y , the pull-back by φ of
a covariant p-tensor field T on Y is given by:

(φ∗T )x(U1, · · · , Up) := Tφ(x)(Dxφ(U1), · · · , Dxφ(Up)) ∀U1, · · · , Up ∈ TxX.

In particular, the pull-back of a p-form is also a p-form. It is easy to check that

φ∗(T1 ⊗ T2) = φ∗T1 ⊗ φ∗T2

and that given two morphisms φ, ψ we have:

(φ⊗ ψ)∗ = ψ∗ ⊗ φ∗.

If φ is a diffeomorphism, the pull-back can be extended to contravariant vector fields:

φ∗(ξ1 ⊗ · · · ξq) := (φ−1)∗ξ1 ⊗ · · · ⊗ (φ−1)∗ξq.

4



1.3 Riemannian metric

Useful references are [GHL], [K], [L].
An important example of covariant tensor fields is given by Riemannian (resp. Hermitian)
metrics.

Definition 9 A Riemannian metric on a smooth real finite rank vector bundle E over a
manifold B, is a smooth section g of E∗ ⊗ E∗ such that for any b ∈ B, gb induces a sym-
metric positive definite form on each fibre Eb.

A Hermitian metric on a smooth complex vector bundle over a manifold B, is a smooth
section h of E∗⊗E∗ such that for any b ∈ B, hb induces a Hermitian positive definite form
on each fibre Eb.
A Riemannian (Hermitian) metric on a Banach manifold is a Riemannian (Hermitian)
metric on the tangent bundle TB.

Given a metric onM of dimension n, a local orthonormal system of coordinates (x1, · · · , xn)
around a point x is such that setting ei := ∂

∂xi
we have gij(x) := gx(ei, ej) = δij , i.e. the

matrix representing gx in this coordinate system is the identity matrix.
A vector bundle equipped with a Riemannian (resp. Hermitian) metric is called a Rieman-
nian (resp. Hermitian) vector bundle. A manifold M such that TM is equipped with a
Riemannian (resp. Hermitian) metric is called a Riemannian (resp. Hermitian) manifold.
If M is a Riemannian manifold, tensor bundles over M can be equipped with a metric
structure induced from that of M .
Using a smooth partition of unity on the manifold, one can build a metric patching up
locally defined positive definite forms.
Another way of equipping a manifold with a metric is by pull-back. Given a smooth map
φ : N →M between two manifolds and a Riemannian (resp. Hermitian) metric g (resp. h)
on a vector bundle based on M , the pull-back φ∗g (resp. φ∗h) yields a Riemannian (resp.
Hermitian) metric on the pull-back vector bundle φ∗E based on N .

1.4 Almost complex structure

Definition 10 An almost complex structure on an oriented vector bundle π : E → B is
a smooth section J of E∗ ⊗ E which induces a morphism, also denoted by J , preserving
orientation and such that J2 = −Id. An almost complex structure on an oriented manifold
M is one on the tangent bundle TM , i.e. it is a (1, 1) tensor J inducing a morphism J on
TM which preserves orientation and satisfies J2 = −Id.

An almost complex structure J on a bundle E gives rise to two subbundles E1,0 and E0,1

with fibre Ker(J(b) − I) := {ub, J(ub) = ub}, resp. Ker(J(b) − I) := {vb, J(vb) = −vb}
above b ∈ B.

If a manifold M is equipped with an almost complex structure such that TM1,0 is stable
under brackets of vector fields, then M can be equipped with an atlas (Ui, φi) with transi-
tion maps given by holomorphic maps and one calls such an atlas a complex structure on
M . Then we call M a complex manifold. Conversely, such a manifold inherits an almost
complex structure from the local charts.

If M and N are two complex manifolds, a map f : M → N is called holomorphic if it
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is holomorphic in any local chart, this requirement being independent of the choice of local
chart since the transition maps are holomorphic.

Example 2 Letting {zk := xk + iyk, k = 1, · · · , n} be a system of local coordinates on the
complex manifold M , we can set

J

(

∂

∂xk

)

=
∂

∂yk
, J

(

∂

∂yk

)

= − ∂

∂xk
.

This defines a (1, 1) tensor on M independently of the choice of local coordinates. Indeed,
given another system of local coordinates {z′k := x′k + iy′k, k = 1, · · · , n}, the Cauchy-
Riemann equations

∂xi

∂x′j
=
∂yi

∂y′j
,

∂xi

∂y′j
=
∂yi

∂x′j

lead to a similar expression

J

(

∂

∂x′k

)

=
∂

∂y′k
, J

(

∂

∂y′k

)

= − ∂

∂x′k

so that we obtain an almost complex structure J on M .

A Riemann surface is a real 2-dimensional manifold M equipped with a complex structure
c. Given a Riemann surface (M, c) and f : M → M a diffeomorphism, one can produce
a new complex structure f∗c := {f−1(Ui), φi ◦ f} called the pull-back of c by f . It is
different from the initial one in the sense that the charts are not only different from the
initial ones but also incompatible with them. Yet (M, c) and (M, f∗c) are holomorphically
equivalent in the sense that f : (M, c) → (M, f∗c) is a holomorphic map and so is its inverse.

A Riemannian metric g combined with an almost complex structure yields a Hermitian
metric:

h(σ, ρ) := g(σ, Jρ).

2 Connections on vector bundles

Covariant derivatives extend the exterior differentiation to sections of vector bundles.

Definition 11 Given a vector bundle π : E → B based on a manifold B, a covariant
derivative (also abusively called connection) on E is a differential operator:

∇ : C∞(E) → C∞(T ∗B ⊗ E)

which satisfies the Leibniz rule:

∇(fσ) = df ⊗ σ + f∇σ.

It extends in a unique way to the space Ω(B,E) of E-valued forms on B:

∇(α ∧ θ) := dα ∧ θ + (−1)|α|α ∧∇θ ∀α ∈ Ω(B), β ∈ Ω(B,E).
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Remark 4 Notice that for any f ∈ Ω0(B),U, V ∈ C∞(TB) we have:

∇fUσ = f∇Uσ

and
∇U+V σ = ∇Uσ + ∇V σ ∀σ ∈ C∞(E).

A covariant derivation ∇ on a vector bundle E induces a dual connection ∇∗ on the dual
bundle E∗, given by the Leibniz rule using the duality product:

d〈σ, ρ〉 = 〈∇σ, ρ〉 + 〈σ,∇∗ρ〉, ∀σ, ρ ∈ C∞(E),

and a connection ∇End on the bundle End(E) ' E∗ ⊗ E defined by:

∇End := ∇∗ ⊗ 1 + 1 ⊗∇.
For a trivial vector bundle E → B, any connection is given by an End(E)-valued one form
θ via the formula ∇ = d + θ. As a consequence, a connection on a general vector bundle
can locally be described by ∇ = d + θU where now θU is a End(E)-valued one form on
an open subset U ∈ B over which we have trivialized the bundle. Another consequence is
that two connections on E differ by a (globally defined) End(E)-valued one form on B. An
easy computation yields that if ∇ = d+θU locally, then ∇∗ = d−θU and ∇End = d+[θU , ·].

A similar formula to that of the differentiation on ordinary forms holds for a covariant
derivative on E-valued forms:

∇α(U0, · · · , Up) =

p
∑

k=0

(−1)k∇Ui

(

α(U0, · · · , Ûi, · · · , Uk)
)

+
∑

0≤k<l≤p

(−1)k+lα([Uk, Ul], U0, · · · , Ûk, · · · , Ûl, · · · , Up)

where Ûi means that we have left out the vector field Ui.

A connection ∇ on a Riemannian (resp. Hermitian) bundle π : E → B based on a manifold
B is Riemannian provided it is compatible with the Riemannian (resp. Hermitian) metric
in the following sense:

d〈σ, ρ〉b = 〈∇σ, ρ〉b + 〈σ,∇ρ〉b ∀σ, ρ ∈ C∞(E) ∀b ∈ B

where 〈·, ·〉b is the inner product on the fibre above b.

Given a connection ∇ on a finite n-dimensional manifold M , and given a local system
of coordinates (x1, · · · , xn) at a point x ∈M , we define the Christoffel symbols:

∇ ∂
∂xi

∂

∂xj
=

n
∑

k=1

Γk
ij

∂

∂xk
.

Definition 12 The torsion of a connection on the tangent bundle TM to a manifold M
is given by:

T (U, V ) := ∇UV −∇V U − [U, V ] ∀U, V ∈ TM.

In a system of local coordinates (x1, · · · , xn) around a point x of a finite n-dimensional
manifold M , setting ei = ∂

∂xi
we have T (ei, ej) = ∇ei

ej − ∇ej
ei so that if the torsion

vanishes then ∇ei
ej = ∇ej

ei, i.e. Γk
ij = Γk

ji.
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Proposition 1 There is a unique connection on a Riemannian manifold which has van-
ishing torsion and is compatible with the (strong) Riemannian metric; it is called the Levi-
Civita connection.

Idea of proof: Writing d〈U, V 〉(W ) = 〈∇WU, V 〉 + 〈U,∇WV 〉 as well as circular combi-
nations of this expression and using the fact that the torsion vanishes yields the expression
of 〈∇WU, V 〉 in terms of differentials of the inner product 〈U, V 〉, 〈V,W 〉 and 〈U,W 〉. The
existence and uniqueness of ∇WU then follows from Riesz’s theorem. tu

Definition 13 The curvature of a covariant derivation is given by the End(E)-valued two
form Ω = ∇2 ∈ Ω2(B,End(E)):

Ω(U, V ) := [∇U ,∇V ] −∇[U,V ] ∀U, V ∈ C∞(B, TB).

An easy computation shows that the curvature is a local operator, meaning by this that
Ω(U, V )f = fΩ(U, V ), although one could expect apriori from the above formula that f
might get differentiated.

It is clear from the definition of the curvature that the Bianchi identity

[∇,Ω] = 0

holds.
The Ricci tensor of a connection ∇ on a Riemannian manifold M is defined by

R(X,Y,W,Z) := 〈Ω(X,Y )W,Z〉

where X,Y,W,Z are vector fields on M and 〈·, ·〉 the inner product induced by the Rie-
mannian structure. We have:

R(X,Y,W,Z) = −R(Y,X,W,Z) = −R(X,Y, Z,W )

and
R(X,Y,W,Z) = R(W,Z,X, Y ).

When M is finite dimensional, the Ricci curvature is given by the trace of the operator
Ω(X, ·)Y , i.e. Ricc(X,Y ) := tr(Ω(X, ·)Y ). The scalar curvature is the trace of the Ricci
curvature s(x) =

∑n
i=1 Ricc(ei(x), ei(x)), where (ei(x))i∈IN is any local orthonormal frame

of TxM .

A connection with vanishing curvature is called a flat connection. When the Ricci cur-
vature vanishes, the manifold is called Ricci flat.

3 Exterior differentiation

A useful reference is [MT].
Exterior differentiation on forms on a given smooth manifold M is defined as follows.

Definition 14 The derivation f → Df defined on the space of smooth functions on a
manifold M extends to a unique linear map d : Ω(M) → Ω(M) such that
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1. d sends Ωp(M) to Ωp+1(M),

2. (d ◦ d)f = 0 ∀f ∈ C∞(M),

3. d is a derivation i.e. it satisfies the (graded) Leibniz rule:

d(α ∧ β) = (dα) ∧ β + (−1)|α|α ∧ dβ ∀α, β ∈ Ω(M).

Remark 5 The ordinary differentiation on sections of a trivial bundle is flat since d◦d = 0.
Writing the connection on a vector bundle in a triviallisation over an open subset U of the
base manifold ∇ = d+ θU , the curvature reads

Ω = dθU + θU ∧ θU .

From these formulas it follows that given a form α ∈ Ωp(M), and given smooth vector
fields U0, · · · , Up on M , the exterior differentiation reads:

dα(U0, · · · , Up) =

p
∑

k=0

(−1)kUi

(

α(U0, · · · , Ûk, · · · , Up)
)

+
∑

1≤k,l≤p

(−1)k+lα
(

[Uk, Ul], U0, · · · , Ûk, · · · , Ûl, · · · , Up

)

where the “hat” above the vector fields means we have deleted them.
A form α is closed whenever dα = 0, and exact whenever there is a form β such that α = dβ.
Since d ◦ d = 0, exact forms are closed and we can form the de Rham cohomology complex:

Hp(B) := Ker(d|Ωp(B))/R(d|Ωp−1(B))

where R(d|Ωp−1(B)) denotes the range of the map d|Ωp−1(B).

3.1 The Hodge star operator

Let M be a finite dimensional oriented Riemannian manifold. There is a natural pointwise
inner product on forms induced by the Riemannian structure on M . We first need to define
the Hodge star operator which yields a duality between p-forms and (n− p)-forms.
Recall that a Riemannian structure on a finite n-dimensional oriented manifold M yields
a particular form, the volume form given in a local system of coordinates (x1, · · · , xn) at a
point x by:

dvol(x) =
√

detgx dx1 ∧ · · · ∧ dxn,

where det gx is the positive determinant of the matrices representing the metric locally
at point x. The Hodge star operator is a bundle morphism defined pointwise as the lin-
ear operator ∗ : ΛpT ∗

xM → Λn−pT ∗
xM on a positively orthonormal local oriented basis

{e∗1, · · · , e∗n} of T ∗
xM by:

e∗i1 ∧ · · · ∧ e∗ip
∧ ?(e∗i1 ∧ · · · ∧ e∗ip

) = dvol(x) ∀i1 < · · · < ip.

This definition is independent of the choice of the oriented orthonormal basis and one can
check that ?2 = (−1)p(n−p) on ΛpT ∗

xM.
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Equivalently, the Hodge star operator ? satisfies the following requirement:

〈α, β〉xdvol(x) = α(x) ∧ ?β(x) ∀α, β ∈ ΛpT ∗
xM,

from which the symmetry property α ∧ ?β = β ∧ ?α immediately follows. Notice that if f
is a smooth function then ?f = fe∗1 ∧· · · ∧e∗n where e∗i , i = 1, · · · , n is an orthonormal basis
of T ∗M .

When M is moreover compact, it yields an inner product on forms seen as sections:

〈α, β〉g =

∫

M

〈α, β〉xdvol(x) =

∫

M

α(x) ∧ ?β(x). (1)

In local coordinates, writing α = αIdxiI , β = βJdxJ where I = {i1, · · · , ip}, J = {j1, · · · , jp}
are two multiindices of length p, we have

〈α, β〉g = gi1,j1 · · · gipjpαi1,···,ip
βj1,···,jp

.

Here gij is the (ij) − th coefficient of the inverse matrix of gij and following Einstein’s
conventions, one sums over repeated indices.

Using the inner product on forms, one can define the (formal) adjoint d∗ : Ωp+1(M) →
Ωp(M) of the exterior differentiation d : Ωp(M) → Ωp+1(M) setting:

〈dα, β〉g := 〈α, d∗β〉 ∀α ∈ Ωp(M), β ∈ Ωp+1(M).

3.2 Musical isomorphisms

The Riemannian metric on M also yields a duality correspondence often referred to as
”musical” isomorphisms. Given v ∈ TxM , v[ ∈ T ∗

xM is uniquely defined by

v[(w) = 〈v, w〉x.
In local coordinates, this corresponds to lowering indices:

TxM → T ∗
xM

v = (v1, · · · , vn) 7→ v[ = (
n
∑

j=1

g1jv
j , · · · ,

n
∑

i=1

gnjv
j)

where (gij) is the (locally defined) metric matrix. In a similar way, given α ∈ T ∗
xM ,

α] ∈ TxM is uniquely defined by

α(w) = 〈α], w〉x
using the Riesz theorem. In local coordinates, this corresponds to raising indices:

T ∗
xM → TxM

α = (α1, · · · , αn) 7→ α] = (
n
∑

j=1

g1jαj , · · · ,
n
∑

j=1

gnjαj)

where (gij) is the (locally defined) inverse metric matrix.
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3.3 The interior and exterior products on forms

The interior product is a bundle morphism:

TxM × ΛpT ∗
xM → Λp−1T ∗

xM

(v, α) 7→ iv(α) := α(v, · · ·).

It satisfies:

i(v)(α ∧ β) = i(v)(α) ∧ β + (−1)pα ∧ i(v)β, ∀v ∈ TxM,α ∈ ΛpT ∗
xM.

In a local coordinate chart (x1, · · · , xn) on M we have:

i(v)(dx1 ∧ · · · ∧ dxp) =

p
∑

i=1

(−1)i+1dxi(v) dx1 ∧ · · · ∧ dx̂i ∧ · · · dxp, ∀v ∈ TxM.

Given a connection ∇E on a bundle E based on M , set ∇E
V := i(V ) ◦ ∇. Combining the

graded Leibniz rule for ∇E extended to E-valued forms with the graded Leibniz rule for
i(V ) we get for any α, β ∈ Ω(M,E):

∇E
V (α ∧ β) = ∇E

V α ∧ β + α ∧∇E
V β.

Let M be a Riemannian manifold, the exterior product is a bundle morphism:

TM × ΛpT ∗M → Λp+1T ∗M

(v, α) 7→ ε(v)(α) := v[ ∧ α.

It is easy to check that ε(v)ε(w) + ε(w)ε(v) = 0 for all v, w ∈ TxM , and that i(v)i(w) +
i(w)i(v) = 0 for all v, w ∈ TxM .

4 Invariant polynomials

4.1 First definitions

Let G be a Lie group and g its Lie algebra. G acts on itself by conjugation:

G×G → G

(g, h) 7→ g−1 h g

and induces the adjoint action on g:

Ad : G× g → g

(g, u) 7→ Adg(u) :=
d

dt |t=0

Cg(ht)

11



where ht = etu is a local one parameter group generated by u ∈ g. This in turn induces
a tangent action:

ad : g × g → g

(v, u) 7→ adv(u) :=
d

dt |t=0

Adgt
(u)

where gt = etv is a local one parameter group generated by v ∈ g.

In the case where G = GLn(IC) is the group on invertible n × n matrices with complex
coefficients and g = gln(IR) the algebra of all n × n matrices with complex coefficients we
have

adv(u) = [u, v], ∀u, v ∈ g.

Definition 15 An G- invariant polynomial on g is a smooth map P : g → K where K is
the base field of g such that

P (Adga) = P (a) ∀a ∈ g.

Since the map t→ P (ta) is smooth, it has a Taylor expansion at all orders:

P (ta) =

K
∑

k=0

(

∂k

∂t
P (ta)

)

t=0

tk

k!
+ oa(tK)

so that setting Pk(a) :=
(

∂k

∂tP (ta)
)

t=0

tk

k! we have:

P (ta) =

K
∑

k=0

Pk(a)tk + oa(tK).

Lemma 1 • If P is invariant, so is the polarized polynomial

p(a1, · · · , ak) =
1

k!

∂

∂t1
· · · ∂

∂tk
P (t1a1 + · · · tkak)t1=0,···,tk=0

for any a1, · · · , ak ∈ g. In particular, the homogeneous polynomial Pk of degree k is
invariant.

• Given any a1, · · · , ak ∈ g,

p(aσ(1), · · · , aσ(k)) = p(a1, · · · , ak) ∀σ ∈ Σk.

• The map
(a1, · · · , ak) 7→ p(a1, · · · , ak)

is multilinear.

Proof

12



• Let g ∈ G, then using the invariance of P under the adjoint action of G,

k!p(Adga1, · · · , Adgak) =
∂

∂t1
· · · ∂

∂tk
P (t1(Adga1) + · · · tk(Adgak))t1=0,···,tk=0

=
∂

∂t1
· · · ∂

∂tk
P (Adg (t1a1 + · · · tkak))t1=0,···,tk=0

=
∂

∂t1
· · · ∂

∂tk
P (t1a1 + · · · tkak)t1=0,···,tk=0

= p(a1, · · · , ak).

• Let jk = σ(k) then setting ρ := σ−1 we get:

k!p(aσ(1), · · · , aσ(k)) =
∂

∂t1
· · · ∂

∂tk
P (t1aσ(1) + · · · tkaσ(k))t1=0,···,tk=0

=
∂

∂t1
· · · ∂

∂tk
P (tρ(1)a1 + · · · tρ(k)ak)t1=0,···,tk=0

=
∂

∂tρ(1)
· · · ∂

∂tρ(k)
P (tρ(1)a1 + · · · tρ(k)ak)tρ(1)=0,···,tρ(k)=0

= k!p(a1, · · · , ak),

where we have used the fact that the partial derivative ∂
∂ti

commute.

• We prove linearity for k = 2:

2p((a1 + b1), a2) =
∂

∂t1

∂

∂t2
p(a1t1 + b1t1 + b2t2)t1=0,t2=0

=
∂

∂t2

∂

∂t1
p(a1t1 + b1t3 + b2t2)|t1=t2=0

+
∂

∂t2

∂

∂t3
p(a1t1 + b1t3 + b2t2)|t3=t2=0

= p(a1, a2) + p(b1, a2).

tu
Corollary 1 Let b ∈ g and gt := etb a one parameter local group of diffeomorphisms
generated by b, then

k
∑

i=1

p(a1, · · · , , ai−1, adb(ai), ai+1, · · · , ak) = 0.

Proof This follows from the invariance of the polarised polynomial which yields:

0 =
d

dt |t=0

p(Adgt
a1, · · · , Adgt

ak)

=

k
∑

i=1

p(a1, · · · , adb(ai), · · · , ak)

tu

13



4.2 Examples of invariant polynomials

• The trace on matrices. Let G = GLn(IC) and g = gln(IC), then P (a) := tr(ak)
where the product is the product of matrices and the trace the ordinary trace on
matrices, defines an invariant polynomial for we have

tr(c−1ac) = tr(a) ∀c ∈ GLn(IC), ∀a ∈ gln(IC).

• The Pfaffian on antisymmetric matrices. Let G = SOn(IR) and g = son(IR),
there is a one to one correspondance:

Λ2IRn → son(IR)

aijei ∧ ej 7→ (aij)

where ei, i = 1, · · · , n is an orthonormal basis for the canonical scalar product on IRn.

Berezin integration on ΛIRn is the linear map defined by:

T : ΛIRn −→ IR

α 7→ e∗i ∧ · · · e∗n(α)

where e∗i , i = 1, · · · , n is the dual basis e∗i (ej) = δij . T vanishes on ΛpIRn for any
p < n so that for any v ∈ IRn and any α ∈ ΛIRn, T (i(v)α) = 0 where i(v) is the
interior product. The fact that T yields a linear map which vanishes on derivations
justifies the terminology ”integral” (analogy with Stoke’s theorem).

Given a real metric vector bundle E of rank n based on a manifold M , Berezin
integration generalizes to a vector bundle morphism:

T : ΛE −→ M × IR

α 7→ e∗i ∧ · · · e∗n(α)

where e∗i , i = 1, · · · , n is now an orthonormal frame of E. T in turn induces a map on
sections (denoted by the same symbol) T : C∞(M,ΛE) → C∞(M, IR) in an obvious
way.

Definition 16 Under the above assumptions on E, the Pfaffian of A = (aij) ∈
C∞(M,Λ2E ' so(E)) is the real valued function on M defined by:

Pf(A) := T
(

e
1
2

∑n
i,j=1 aijei∧ej

)

= T
(

e
∑n

i<j;i,j=1 aijei∧ej

)

.

In some cases, the Pfaffian is identified to the top form Pf(A)e1 ∧ · · · en.

14



Lemma 2 Given A = (aij) ∈ C∞(M,Λ2E ' so(E)), if the rank n of E is even,
setting n = 2k we have:

Pf(A) =
(−1)k

2kk!

∑

σ∈Σn

ε(σ)aσ(1)σ(2) · · · aσ(2k−1)σ(2k)

and the Pfaffian vanishes if the rank of E is odd. Here ε(σ) denotes the signature of
σ.

Proof

Pf(A) = T
(

e
1
2

∑n
i,j=1 aijei∧ej

)

= e∗1 ∧ · · · e∗n







1

2kk!





n
∑

i,j=1

aijei ∧ ej





k






= e∗1 ∧ · · · e∗n

(

1

2kk!

∑

σ∈Σn

ε(σ)aσ(1)σ(2)aσ(3)σ(4) · · · aσ(2k−1)σ(2k)e1 ∧ · · · ∧ e2k

)

= (−1)
n(n−1)

2
1

2kk!

∑

σ∈Σn

ε(σ)aσ(1)σ(2)aσ(3)σ(4) · · · aσ(2k−1)σ(2k)

=
(−1)k

2kk!

∑

σ∈Σn

ε(σ)aσ(1)σ(2)aσ(3)σ(4) · · · aσ(2k−1)σ(2k)

using the fact that e∗1 ∧ · · · e∗n(e1 ∧ · · · ∧ en) = (−1)
n(n−1)

2 = (−1)k.

Proposition 2 The Pfaffian satisfies the following properties. Let A ∈ son(IR), B ∈
GLn(IR)

Pf(BtAB) = Pf(A)det(B),

in particular,
Pf(B−1AB) = Pf(A) if B ∈ SOn(IR).

Moreover, Pf(A⊗B) = Pf(A) × Pf(B) and

Pf(A)2 = det(A).

Proof Let us first prove the first identity. Set fi = Bei where as before, e1, · · · , en is an
orthonormal basis of IRn. Then

e
1
2

∑n
i,j=1 aijfi∧fj = e

1
2

∑n
i,j=1

∑n
k,l=1 bkiaijbljek∧el

= e
1
2

∑n
i,j=1

∑n
k,l=1(B

tAB)klek∧el

hence

Pf(BtAB) = T
(

e
1
2

∑n
i,j=1 aijfi∧fj

)
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= T

(

1

2kk!

∑

σ∈Σn

ε(σ)aσ(1)σ(2)aσ(3)σ(4) · · ·aσ(2k−1)σ(2k)f1 ∧ · · · ∧ f2k

)

= det(B) · T
(

1

2kk!

∑

σ∈Σn

ε(σ)aσ(1)σ(2)aσ(3)σ(4) · · ·aσ(2k−1)σ(2k)e1 ∧ · · · ∧ e2k

)

= det(B) · (−1)k

2kk!

∑

σ∈Σn

ε(σ)aσ(1)σ(2)aσ(3)σ(4) · · · aσ(2k−1)σ(2k)

= det(B) · Pf(A).

The second point in the proposition follows since B ∈ SOn(IR) ⇒ detB = 1, and Bt =
B−1.

The multiplicative property Pf(A ⊗ B) = Pf(A) × Pf(B) is easy to check. Finally, the
last point clearly holds true for the matrix given by

0 −θ
θ 0

and hence for a tensor product of such matrices. Since any matrix A ∈ son(IR) is conjugate
to such a tensor product, there is a matrix B ∈ SOn(IR) such that B−1AB is of this product
type. The result then follows from the invariance property of the Pfaffian we proved above.
tu

Corollary 2 The Pfaffian

so(IRn) → IR

A 7→ Pf(A)

defines an SOn(IR)-invariant polynomial on son(IR).

5 From connections to Chern-Weil forms

Let E → M be a vector bundle equipped with a connection ∇E . Recall that the corre-
sponding curvature is defined by ΩE = ∇E∇E so that

ΩE(U, V ) = [∇E
U ,∇E

V ] −∇E
[U,V ] ∀U, V ∈ C∞(M,TM).

If L ∈ Ω(M,End(E)) then for any σ ∈ C∞(M,E),

∇E(L(σ)) = (∇End(E)L)σ + (−1)|L|L∇σ

where |L| is the degree of the End(E) valued form L and ∇Hom(R) the connection induced by
∇E on End(E). As a consequence we have can write ∇End(E)L = [∇E , L] where the bracket
is a graded bracket, i.e. [∇E , L] = ∇EL− L∇E if L is even and [∇E , L] = ∇EL+ L∇E if
L is odd.
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Lemma 3 Let G be the structure group of E, let P be a G-invariant polynomial and p the
associated polarized polynomial. Then, for any αi ∈ Ω(End(E)):

dp(α1, · · · , αp) = p([∇E , α1], α2, · · · , αp) + · · · + p([α1, α2, · · · , [∇E , αp]).

Prooof Write ∇E = d + θE in a local triviallisation of E. For any α ∈ Ω(M,End(E)),
using the invariance, the symmetry and the multi-linearity of p we have:

dp(α1, · · · , αp) = p(dα1, α2, · · · , αp) + p(α1, dα2, · · · , αp) + · · · + p(α1, · · · , dαp)

= p(dα1, α2, · · · , αp) + p([θE , α1], α, · · · , αp) + · · ·
+ · · · + p(α1, α2, · · · , dαp) + p(α1, α, · · · , [θE , αp])

= p([∇E , α1], α2, · · · , αp) + · · · + p([α1, α2, · · · , [∇E , αp]).

tu
Lemma 4 • ΩE ∈ Ω2(M,End(E))

• If E is a real oriented vector bundle equipped with a metric 〈·, ·〉 (in which case its
structure group reduces to G = SO(V ) where V is the model space for E) and ∇E is
compatible with the metric i.e.

d〈·, ·〉 = 〈∇E ·, ·〉 + 〈·,∇E ·〉
then ΩE ∈ Ω2(M, so(E)) where so(E) is the sub-bundle of antisymmetric morphisms
of E.

Proof

• Let us check that the curvature is tensorial from which it will follow that it is a
End(E)-valued two form on M . Let σ ∈ C∞(M,E) and f ∈ C∞(M, IC), we have:

ΩE(U, V )fσ = [∇U ,∇V ]fσ −∇[U,V ]fσ

= ([U, V ]f)σ − (∇[U,V ]f)σ + fΩE(U, V )σ

= fΩE(U, V )σ.

• Let σ, ρ ∈ C∞(M,E) and U, V ∈ C∞(M,TM), then

0 = (UV − V U − [U, V ])〈σ, ρ〉
= U〈∇E

V σ, ρ〉 + U〈σ,∇E
V ρ〉

− V 〈∇E
Uσ, ρ〉 − V 〈σ,∇E

Uρ〉
− 〈∇E

[U,V ]σ, ρ〉 − 〈σ,∇E
[U,V ]ρ〉

= 〈∇E
U∇E

V σ, ρ〉 + 〈∇E
V σ,∇E

Uρ〉
+ 〈∇E

Uσ,∇E
V ρ〉 + 〈σ,∇E

U∇E
V ρ〉

− 〈∇E
V ∇E

Uσ,∇E
V ρ〉 − 〈σ,∇E

U∇E
V ρ〉

− 〈∇E
V σ,∇E

V ρ〉 − 〈σ,∇E
V ∇E

Uρ〉
− 〈∇E

[U,V ]σ, ρ〉 − 〈σ,∇E
[U,V ]ρ〉

= 〈ΩE(U, V )σ, ρ〉 + 〈σ,ΩE(U, V )ρ〉
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so that 〈ΩE(U, V )σ, ρ〉 = −〈σ,ΩEU, V ρ〉 which shows that ΩE(U, V ) is antisymmetric.

tu
Proposition 3 Let E → M be a vector bundle with structure group G equipped with a
connection ∇E . Let P be a homogeneous polynomial of degree k on g, then

dP (ΩE) = 0,

and if ∇E
t , t ∈ IR is a smooth family 1, then the following transgression formula holds:

d

dt
P (ΩE

t ) = k · dp(∇̇E
t ,Ω

E
t , · · · ,ΩE

t )

where ∇̇E
t is the derivative of ∇E

t in the Fréchet topology, and ΩE
t the curvature of ∇E

t .
In particular, the de Rham class of P (ΩE) is independent of the choice of connection.

Proof To simplify notations, we momentarily drop the upper index E in the connection
and the curvature.

• Applying the above lemma to αi = Ω ∀i = 1, · · · , n yields dP (Ω) = 0 by the Bianchi
identity.

• First observe that d
dt
∇t ∈ Ω1(M,End(E)) and that

d

dt
Ωt =

d

dt
∇t∇t + ∇t

d

dt
∇t = [∇t,

d

dt
∇t].

Hence,

d

dt
P (Ωt) = p(

d

dt
Ωt,Ωt, · · · ,Ωt) + p(Ωt,

d

dt
Ωt, · · · ,Ωt) + · · · + p(Ωt, · · · ,

d

dt
Ωt)

= k · p( d
dt

Ωt,Ω, · · · ,Ω)

= k · p([∇t,
d

dt
∇t],Ωt, · · · ,Ωt)

= k · dp( d
dt
∇t,Ωt, · · · ,Ωt)

where we applied the first lemma of this paragraph to α1 = d
dt
∇t and αi = Ω using

again the Bianchi identity.

tu
An important property of invariant polynomials in view of what follows is their transfor-
mation property under diffeomorphisms. We have

P (f∗α) = f∗P (α)

for any diffeomorphism f : N →M of two smooth manifolds.
In particular, characteristic classes c(∇E) we are about to define given by de Rham class
P (ΩE) have a naturality property

c(f∇f∗E) = f∗c(∇E)

1here we are thinking of the space of smooth connections as a Fréchet space
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which follows from the transformation property of the invariant polynomials under diffeo-
morphisms. Here f : N → M is a diffeomorphisms, E → M a vector bundle, f∗E → N
its pull back to N , equipped respectively with a connection ∇E and its pull-back ∇f∗E =
f∗∇E .

Example 3 Chern character and first Chern class. Given a function with Taylor ex-

pansion at all orders at 0, namely f(z) =
∑K

k=0
f(k)

k! (0)zk +o(zK) ∀K ∈ IN and a complex
vector bundle (E,∇E) with connection, it follows from Proposition 3 that P (Ω) = trf(ΩE)
defines a closed form with cohomology class independent of the choice of connection. Choos-
ing f = Id yields the first Chern class

c1(∇E) := tr(ΩE).

Choosing f(z) = e−z yields the Chern character

ch(∇E) = tr(e−ΩE

).

It obeys the following properties

ch(∇E⊕F ) = ch(∇E) + ch(∇F ), ch(∇E⊗F ) = ch(∇E) ∧ ch(∇F )

which justify the terminology ”character”.

Example 4 The Euler class, the Â-genus, the L genus. Given a function with

Taylor expansion at all orders at 0, namely f(z) =
∑K

k=0
f(k)

k! (0)zk + o(zK) ∀K ∈ IN and
an oriented metric real vector bundle (E,∇E) equipped with a connection compatible with
the metric, it follows from Proposition 3 that P (Ω) = Pf

(

f(ΩE)
)

defines a closed form
with cohomology class independent of the choice of connection.

Choosing f(z) = −z yields the Euler class

e(∇E) = Pf(−ΩE) ∈ ΩN (M)

where N is the rank of E. The Euler class vanishes if N is odd as a consequence of the van-
ishing of the Pfaffian in odd dimensions. Moreover, as a consequence of the multiplicativity
of the Pfaffian on tensor products, this characteristic class obeys the following property:

e(∇E⊕F ) = e(∇E) ∧ e(∇F ).

If M is an oriented Riemannian surface, and (E = TM,∇TM ) is the tangent bundle
equipped with the Levi-Civita connection, then

e(∇TM ) = κ dvol

where κ is the Gaussian curvature.

Choosing f(z) =
z
2

shz
2

yields the Â-genus

Â(∇E) = Pf

(

ΩE

2

shΩE

2

)
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and f(z) =
z
2

thz
2

the L-genus

L(∇E) = Pf

(

ΩE

2

thΩE

2

)

.

As a consequence of the multiplicativity of the Pfaffian on tensor products, these charac-
teristic classes obey the following property:

Â(∇E⊕F ) = Â(∇E) ∧ Â(∇F ); L(∇E⊕F ) = L(∇E) ∧ L(∇F ).

6 GeneralizedLaplacians

6.1 Differential operators on sections of vector bundles

The notion of differential operator we introduced on open subsets of IRn extends to mani-
folds.

Let K be IR or IC. Let

A =
∑

|α|≤m

aα(x̃)
∂|α|

∂xα
(2)

with aα ∈ C∞(U,Mp,q(K)) be a differential operator on an open subset U of IRn where
Mp,q(K) is the space of (p, q) matrices with coefficients in K. A diffeomorphism x̃ = x̃(x)
of U induces the following transformation on TU :

∂

∂xj
=

n
∑

k=1

∂x̃k

∂xj

∂

∂x̃k
.

As a consequence, in the new coordinates x̃, the operator A reads

A =
∑

|α|≤m

ãα(x̃)
∂|α|

∂xα

for some other (q, p) matrix ãα of smooth K-valued functions on U . It follows that the
operator can be described in a similar way in these new coordinates. If we have aα(x) = 0
for some |α| = m, then ãβ(x̃) = 0 for some |β| = m so that the order is conserved under a
change of coordinates.

Given a smooth manifold M of dimension n, it therefore makes sense to define a dif-
ferential operator A : C∞(M, IR) → C∞(M, IR) of order m as a linear operator which has
the above description (2) in any local chart of M since another local chart would give the
same type of local description via a change of coordinates.

Let GLr(K) be the group of invertible K-valued r × r matrices. Given two maps τ1 :
U → GLp(K) and τ2 : U → GLq(K), τ2Aτ1 defines another differential operator or order
m on U since

τ2Aτ1 =
∑

|α|≤m

τ2aα(x)τ1
∂|α|

∂xα
,
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which is of the same type as (2). Letting πE : E → M and πF : F → M be two K-vector
bundles based on M of rank p, q respectively, this shows that the shape of the operator
described in (2) is invariant under a change of triviallisation τE : U → GLp(K) on E and
τF : U → GLq(K) on F .

It therefore makes sense to set the following definition.

Definition 17 A differential operator of order m on a smooth n-dimensional manifold
M is a linear map A : C∞(M,E) → C∞(M,F ), where E,F are two K-vector bundles
based on M of rank p, q respectively, such that each point x of M has a neighborhood U
with coordinates (x1, · · · , xn) over which there is a local triviallisation E|U ' U ×Kp and
F|U ' U ×Kq in which the operator A reads

A =
∑

|α|≤m

aα(x)
∂|α|

∂xα
.

Given local trivialisations E|U ' U ×Kp, F|U ' U ×Kq, over an open subset U ∈M , one
can define the symbol σA(x, ξ) of a differential operator A : C∞(M,E) → C∞(M,F ) as
the symbol of the corresponding operator Ã : C∞(U,Kp) → C∞(U,Kq) read in the local
triviallisation. However this symbol changes when the triviallisation changes; it is not even
invariant under changes of coordinates. Nevertheless, the leading symbol remains the same
under changes of local coordinates on M ; it only changes under a change of triviallisation
of E and F by σL → DσLC where C ∈ GLq(K) and D ∈ GLp(K). Since invertibility is
conserved under such a transformation, the notion of ellipticity carries out to differential
operators acting on sections of vector bundles.

Definition 18 An operator A : C∞(M,E) → C∞(M,F ) is elliptic if in any local trivial-
lisation its leading symbol σL(A)(x, ξ) is invertible for any ξ 6= 0, x ∈M .

When E = F , we shall say that the leading symbol of an operator is scalar if σL(x, ξ) =
α(x, ξ) · Id where α(x, ξ) is a scalar function.

Since the symbol of an operator acting on functions on an open set is obtained ”substi-
tuting” −i ∂

∂xj
by ξj in the expression of the operator, in practice, the leading symbol of a

differential operator on a manifold is obtained ”substituting” iξj to ∂
∂xj

in the leading part

of the operator expressed in any local triviallisation.

6.2 Laplacians on vector bundles

Let (M, g) be a Riemannian manifold with Riemannian metric g. Here we take E = F =
M×IC. In a local chart, the metric in a local chart (x1, · · · , xn) reads g(x) = gij(x)dxi⊗dxj

where gij is an n × n matrix; let (gij) denotes the inverse matrix of (gij) and detg the
determinant of (gij). The Laplace-Beltrami operator is defined by

∆g := − 1

detg

n
∑

i,j=1

∂

∂xi

√

detg · gij ∂

∂xj

= −
n
∑

i,j=1

gij ∂2

∂xi∂xj
+ terms of lower order.
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As we will see later, this expression is independent of the choice of local chart. It has scalar
leading symbol given by

σL(∆g) = −
n
∑

i,j=1

(−i)2ξiξjgij = ‖ξ‖2.

It therefore defines an elliptic operator of order 2.

Notice that setting gij = δij the Kronecker symbol of {i, j} yields back the local expression
of the Laplacian on IRn.

Let E →M be a vector bundle based on a Riemannian manifold M and let it be equipped
with a connection ∇E . The Levi-Civita connection ∇ on M combined with ∇E yields a
connection ∇T∗M⊗E on T ∗M ⊗ E. Applied to a one form α ∈ Ω(M,E) this connection

reads ∇T∗M⊗E
X α = ∇Hom(TM,E)

X α = ∇E
Xα − α(∇X). Composed with ∇E , this yields an

operator ∇T∗M⊗E∇E : C∞(M,E) → C∞(M,T ∗M ⊗T ∗M ⊗E), or equivalently a bilinear
form on C∞(M,TM) with values in C∞(End(E)):

∇T∗M⊗E∇Eσ(X,Y ) = ∇T∗M⊗E
X ∇E

Y σ

= ∇E
X∇E

Y −∇E
∇XY σ ∀X,Y ∈ C∞(M,TM), ∀σ ∈ C∞(M,E).

The trace of this bilinear form on TM yields a second-order differential operator

∆E := −tr(∇T∗M⊗E∇E)

= −∇E
ei
∇E

ei
−∇E

∇ei
ei

where (ei)i=1,···,n is an orthonormal basis of TM . This operator, called a (generalized)
Laplacian on C∞(M,E), is independent of the choice of basis. When E := M × IC, it yields
back the Laplace-Beltrami operator on C∞(M, IC) and we have:

∆g = −tr(∇df) = −
n
∑

i,j=1

(

gij(x)∂i∂j −
n
∑

k=1

Γk
ij∂k

)

where Γk
ij are the Christoffel symbols defined in a local system of coordinates (x1, · · · , xn)

by ∇ ∂
∂xi

∂
∂xj

:=
∑n

k=1 Γk
ij

∂
∂xi

. The first of these equalities shows that ∆g is well-defined

independently of the choice of local chart.

In local coordinates, the generalized Laplacian ∆E reads:

∆E = −
n
∑

i,j=1

gij(x)

(

∇E
∂

∂xi

∇E
∂

∂xj

−
n
∑

k=1

Γk
ij∇E

∂
∂xk

)

where as before, the Γk
ij are the Christoffel symbols. Notice that since locally, we have

∇E
∂

∂xj

= ∂
∂xj

+ θ( ∂
∂xj

) where θ is Hom(E)-valued a one form, the top order part of ∆E

coincides with the top order part of the Laplace-Beltrami operator. The leading symbol of
a generalized Laplacian is therefore also given by:

σL(∆E) = σL(∆g) = ‖ξ‖2.
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Definition 19 A generalized Laplacian on a vector bundle E → M is a second order
differential operator with scalar leading symbol given by ‖ξ‖2. It is therefore an elliptic
differential operator.

The Laplace-Beltrami operator on a Riemannian manifold and Laplacians on bundles pro-
vide examples of generalized Laplacians.

7 Dirac operators

Useful references are [BGV], [F], [LM].

7.1 The Dirac operator as a ”root” of a generalized Laplacian

Definition 20 A Dirac operator D on a (ZZ2-graded) vector bundle E (E = E+ ⊕ E−)
is a first order differential operator (of odd parity, i.e. D(C∞(M,E+)) ⊂ C∞(M,E−),
D(C∞(M,E−)) ⊂ C∞(M,E+)) such that D2 is a generalized Laplacian.

In particular, since the leading symbol is multiplicative i.e. σL(AB) = σL(A)σL(B), its
leading symbol should satisfy:

σL(D)2(x, ξ) = ‖ξ‖2.

Looking for a differential operator D =
∑n

i=1 ci
∂

∂xi
whose square is the Laplacian ∆ =

−∑n
i=1

∂2

∂2xi
on IRn lead Dirac to the following constraints on the coefficients ci:

cicj + cjci = −2δij. (3)

These relations correspond to the Clifford relations for the euclidean structure on IRn and
generate the Clifford algebra on IRn which we are about to define.

Let K be IR or IC. Let V be a K- vector space and q a quadratic form on V .

Definition 21 • The Clifford algebra on (V, q) is the algebra over K generated by V
with relations

v · w + w · v = −2q(v, w) ∀v, w ∈ V

(or equivalently v · v = −q(v) ∀v ∈ V.) Equivalently, is is the quotient of the tensor
algebra T (V ) =

∑

k V
⊗k generated by V by the ideal I(V, q) generated by the set

{v · w + w · v + 2q(v, w), v, w ∈ V }.

• A Cl(V, q) - module (called a Clifford module when not specifiying which Clifford al-
gebra) is a K-vector space E together with a representation c : Cl(V, q) → HomK(E),
so that we have:

c(v)c(w) + c(w)c(v) = −2q(v, w)IdE , ∀v, w ∈ V. (4)

Example 5 Let V = IRr+s wth Q((x1, · · · , xn)) = x2
1 + · · ·x2

r − x2
r+1 − · · ·x2

r+s and set
Clr,s(IR) := Cl(V, q) then Clr,s(IR) is generated by a q-orthonormal basis e1, · · · , er+s sub-
ject to the relations:

eiej + ejei = −2δij if i ≤ r, eiej + ejei = −2δij if i > r.
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When r = n, s = 0 we denote the corresponding Clifford algebra by Cln(IR). The relations
which define Cln(IR) therefore correspond to equation (3). Notice that the action of the
orthonormal group On(IR) on IRn extends to one on CLn(IR) since the relations that define
the Clifford algebra are invariant under this action.

The following universal property is very useful:

Lemma 5 A is a K-algebra and c : (V, q) → A a map verifying

c(v)c(w) + c(w)c(v) = −2q(v, w)1A, ∀v, w ∈ V,

(such a map is called a Clifford map) then there is a unique extension of c to a map
c̃ : C(V, q) → A.

In practice, it is therefore often sufficient to define the Clifford map c on the vector space
V only.

There is a natural ZZ2-grading on Cl(V, q) = Cl+(V, q) ⊕ Cl−(V, q) given by the natu-
ral grading on T (V ) =

∑∞
k=0 V

⊗2k ⊕∑∞
k=0 V

⊗2k+1. It is clear that V ⊂ Cl−(V, q).

Definition 22 A ZZ2-graded Clifford module is a Clifford module with a superspace struc-
ture E = E+ ⊕E− such that the Clifford action is even with respect to this ZZ2-grading on
E:

Cl+(V, q)E+ ⊂ E+; Cl+(V, q)E− ⊂ E−;Cl−(V, q)E+ ⊂ E−;Cl−(V, q)E− ⊂ E+.

7.2 From a Clifford connection to a Dirac operator

Useful references are [F], [LM].
If M is a Riemannian manifold, at each point x ∈M , we have an inner product qx := 〈·, ·〉x
on the cotangent space T ∗

xM . Following the above construction we can build the Clifford
algebra Cl(T ∗

xM, qx). A Clifford bundle is a smooth family of such Clifford algebras.

Definition 23 • If M is a Riemannian manifold, the Clifford bundle Cl(M) is the bun-
dle of Clifford algebras on M whose fibre at x ∈M is the Clifford algebra Clx(M) :=
Cl(T ∗

xM, qx), with gx the quadratic form given by the Riemannian structure on M .

• Equivalently, it is an associated bundle to the orthonormal frame bundle:

Cl(M) = O(M) ⊗O(n) Cln(IR).

Remark 6 Notice that in local coordinates (x1, · · · , xn) on M :

c(dxi)c(dxj) + c(dxj)c(dxi) = −2gij(x).

In particular, if ξ ∈ T ∗
xM ,then

ξ · ξ = c(ξ)2 =
1

2

(

n
∑

i=1

ξic(dxi)

)

·





n
∑

j=1

ξjc(dxj)



 = −
n
∑

i,j=1

gij(x)ξi · ξj = −‖ξ‖2,

where we use the fact that 〈dxi, dxj〉 = ∂ij .
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The Levi-Civita connection ∇ on M induces one on O(M) and therefore a connection (also
denoted by ∇) on Cl(M) which is compatible with the Clifford product:

∇(ab) = (∇a)b + a(∇b), ∀a, b ∈ C∞(M,Cl(M)).

Definition 24 • A (graded) Clifford module E on a manifold M is a (ZZ2-graded)
vector bundle E → M based on M with a (graded) action of the Clifford bundle
Cl(M) on it:

c : Cl(M) → End(E)

• A Clifford connection on a Clifford module E is a connection ∇E on E which is
compatible with the Clifford action:

[∇E , c(a)] = c(∇a), ∀a ∈ C∞(M,Cl(M)).

Proposition 4 Let M be a Riemannian manifold and E a Clifford module on M (with
Clifford multiplication c) equipped with a Clifford connection ∇E . The first order differ-
ential operator D : C∞(M,E) → Ci(M,E) defined by D = c ◦ ∇E or in local coordinates
(x1, · · · , xn):

D =
n
∑

i=1

c(dxi)∇E
∂

∂xi

has leading symbol
σL(D)(x, ξ) = iξ.

It is therefore a Dirac operator, i.e its square D2 is a generalized Laplacian.

Proof The leading symbol of D is obtained replacing ∂
∂xj

by iξj ,

σL(D)(x, ξ) = i

n
∑

j=1

c(dxj)ξj = i

n
∑

j=1

dxjξj = iξ.

Hence
σL(D)2(x, ξ) = −ξ · ξ = ‖ξ‖2

where · stands for the Clifford multiplication and where we have used the Clifford relations
for the last equality. tu

8 d + d
∗ as a Dirac operator on the Clifford module of

differential forms

Useful references are [BGV], [G], [LM].

8.1 A Clifford multiplication on forms

As the following lemma shows, combining the interior and exterior products on Ω(M),
where M is a Riemannian manifold, yields a Clifford multiplication from which one can
build a Dirac operator using the Levi-Civita connection.

Lemma 6 • ε(v)∗ = i(v) ∀v ∈ TxM,x ∈M ,
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• c = ε− i defines a Clifford multiplication on Ω(M), i.e.

c(v)c(w) + c(w)c(v) = −2〈v, w〉x, ∀v, w ∈ TxM

where 〈·, ·, 〉x is the inner product on TxM induced by the metric structure.

• d =
∑n

i=1 ε(ej)∇ej
,

• d∗ = −∑n
j=1 i(ej)∇ej

, where (e1, · · · , en) is an orthonormal basis of TxM .

(Partial) Proof To avoid technicalities, we prove the results on one forms only.

• Given v ∈ TxM , f ∈ Ω0(M) and α ∈ T ∗
xM we have:

〈i(v)α, f(x)〉x = 〈α(v), f(x)〉x = α(v)f(x).

On the other hand

〈α, ε(v)f(x)〉x = 〈α, f(x)v[〉 = 〈α(x), v[〉xf(x) = α(v) f(x).

Hence ε∗ = i on 1-forms.

• Let v, w ∈ TxM . First observe that

ε(v)i(w) + i(w)ε(v) = 〈v, w〉x ∀v, w ∈ TxM.

Here again, we check the property on one a 1-form α.

(ε(v)i(w) + i(w)ε(v))α = α(w)v[+i(w)(v[∧α) = α(w)v[+v[(w)α−v[α(w) = v[(w)α = 〈v, w〉x α.

As a consequence we have:

c(v)c(w)+c(w)c(v) = ε(v)ε(w)+ε(w)ε(v)+i(v)i(w)+i(w)i(v)−2 (ε(v)i(w) + i(w)ε(v)) = −2〈v, w〉x,

where we have used the fact that ε(v)ε(w) + ε(w)ε(v) = i(v)i(w) + i(w)i(v) = 0.

• Let us set d̃ =
∑n

i=1 ε(ej)∇ej
and show that d̃ satisfies the requirements i), ii), iii)

which define d uniquely:

i) Since ∇ej
sends Ωp(M) to Ωp(M), and ε(ej) increases the degree of the form by

1, d̃ sends Ωp(M) to Ωp+1(M).

ii) d̃ ◦ d̃ (f) = 0 ∀f ∈ C∞(M, IC). We prove that d̃2f = −〈T, df〉 where T is the
torsion. Since the torsion of the Levi-Civita connection vanishes by definition,
this will prove that d̃2 = 0. To simplify notations we set ∇j = ∇ ∂

∂xj

= ∇ej

where ej = ∂
∂xj

.

d̃2f = d̃(df)

=
∑

ij

ε(dxi)∇i(∂jfdxj)

=
∑

ij

∂i∂jfdxi ∧ dxj +
∑

ij

ε(dxi)∂jf∇i(dxj)

=
∑

ij

ε(dxi)∂jf∇i(dxj).
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By Leibniz’s rule:

0 =
∂

∂xi
〈dxj , ek〉 = 〈∇idxj , ek〉 + 〈dxj ,∇iek〉

so that

d̃2f = −
∑

ijk

ε(dxi)
∂

∂xj
f〈dxj ,∇iek〉dxk

= −
∑

ijk

∂

∂xj
f〈dxj ,∇iek〉x dxi ∧ dxk

= −
∑

i<k

〈df,∇iek −∇kei〉x dxi ∧ dxk

= −
∑

i<k

〈df, T (ei, ek)〉x dxi ∧ dxk

= −〈T, df〉.

iii) d̃ is a derivation. Indeed, the Levi-Civita connection on the tangent bundle TM
extends to a connection on the exterior cotangent bundle ΛT ∗M and satisfies
the following rule:

∇X(α ∧ β) = ∇Xα ∧ β + α ∧∇Xβ ∀α, β ∈ Ω(M), ∀X ∈ C∞(M,TM).

Hence d̃ =
∑

i ε(e
∗
i )∇ei

satisfies a graded Leibniz rule:

d̃(α ∧ β) = d̃α ∧ β + (−1)|α| α ∧ d̃β ∀α, β ∈ Ω(M)

and therefore yields a (graded) derivation.

• Given α ∈ Ωp(M) and β ∈ Ωp+1(M) we want to check that 〈ε(dxi)∇iα, β〉 =
〈α, i(dxi)∇iβ〉. Differentiating the one form defined on v ∈ TxM by α(v) = 〈α, i(v)β〉x
and using Leibniz’s rule yields:

∑

i

(eiα(ei) − α(∇iei)) = 〈∇iα, i(ei)β〉x+〈α,∇ii(ei)β〉x = 〈ε(ei)∇iα, β〉x+〈α, i(ei)∇iβ〉

where we have used the fact that ε∗ = i. On the other hand since the divergence
is given by d∗α = −tr(∇α) for a one form α, it follows from Stokes’s theorem that
tr(∇α) :=

∑n
i=1 ∇α(ei, ei) =

∑

i (eiα(ei) − α(∇iei)) integrates to 0 on M , i.e.

∫

M

tr(∇α) dvol = −
∫

M

d∗α = 0.

Thus
〈ε(ei)∇iα, β〉x + 〈α, i(ei)∇iβ〉 = 0

so that d∗ = −i ◦ ∇.

tu

27



8.2 A Dirac operator on forms

Proposition 5 The operator D := d+ d∗ =
∑n

j=1 c(dxj)∇ d
dxi

is a Dirac operator and has

leading symbol given by σL(D)(x, ξ) = iξ. In particular, its square (d+d∗)2 is a generalized
Laplacian.

Remark 7 We leave it to the reader to check that this definition is independent of the
chosen local coordinate chart (x1, · · · , xn).

Proof This follows from the above lemma combined with Proposition 4.

The following proposition relates the Hodge Laplacian ∆ := (d + d∗)2 with the general-
ized Laplacian ∆ΛT∗M thus providing another proof that it is a generalized Laplacian.
tu

Proposition 6 Let α ∈ Ω(M) then

(d+ d∗)2(α) = ∆ΛT∗Mα+
∑

i<j

c(dxi)c(dxj)R(ei, ej)(α)

where R(u, v) := [∇u,∇v] −∇[u,v] is the curvature tensor.

Proof First notice that if as before ∇ denotes the Levi-Civita connection on TM with
Christoffel coefficients give by Γk

ij then the induced dual connection ∇∗ on T ∗M reads

∇∗
i dxj = −Γj

ikdxk for we have

〈∇∗
i dxj ,

d

dxk
〉 = −〈dxj ,∇i

d

dxk
〉

= −〈dxj ,Γ
l
ik

d

dxl
〉 = −Γl

ik〈dxj ,
d

dxl
〉

= −Γj
ik.

(In the following, we drop the ? in ∇∗). It follows that

(d+ d∗)2α =
n
∑

i,j=1

c(dxi)∇i(c(dxj)∇jα)

=

n
∑

i,j=1

c(dxi)c(∇idxj)∇jα+

n
∑

i,j=1

c(dxi)c(dxj)∇i(∇jα)

= −
n
∑

i,j=1

c(dxi)c(Γ
j
ikdxk)∇jα

−
n
∑

i=1

∇i∇iα+

n
∑

i<j

c(dxi)c(dxj) (∇i∇j −∇j∇i)α

= −
n
∑

i,j=1

c(dxi)c(dxk)∇Γj
ik

d
dxj

α
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−
n
∑

i=1

∇i∇iα+
∑

i<j

c(dxi)c(dxj)R(ei, ej)α.

= −
∑

i<j

(c(dxi)c(dxk) + c(dxk)c(dxi))∇Γj
ik

d
dxj

α−
n
∑

i=1

c(dxi)
2∇∇i

d
dxj

α

−
n
∑

i=1

∇i∇iα+
∑

i<j

c(dxi)c(dxj)R(ei, ej)α

= ∆ΛT∗Mα+
∑

i<j

c(dxi)c(dxj)R(ei, ej)α.

tu

We give another expression of the Hodge Laplacian on p-forms in terms of d and the
Hodge star operator ∗ introduced previously.

Lemma 7 The formal adjoint d∗ : Ωp(M) → Ωp−1(M) of d is given by

d∗ = (−1)np+1 ? d ? .

Proof

〈α, d∗β〉 =

∫

M

α ∧ d∗β

=

∫

M

dα ∧ ?β

=

∫

M

d(α ∧ ?β) − (−1)p

∫

M

α ∧ d ? β

= (−1)p+1

∫

M

α ∧ d ? β
(

since

∫

M

dγ = 0

)

= (−1)p+1(−1)(n−p)(n−(n−p))

∫

M

α ∧ ? ? d ? β

= (−1)np+1

∫

M

α ∧ ?(?d ? β)

= (−1)np+1〈α, ?d ? β〉

tu
The following proposition follows in a straightforward way from the above lemma.

Proposition 7 On Ωp(M) we have:

∆ = (−1)n(p+1)+1 ? d ? ◦d+ (−1)np+1d ? d ? .
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9 Two index theorems

We give two index theorems for the Dirac operator D = d + d∗ where d is the exterior
differential on forms on some closed Riemannian manifold M . In both cases the Dirac
operator is acting on Ω(M) but the ZZ2-grading on that space changes. In the first case,
the space splits into even and odd forms thus leading to the following index theorem:

ind(D) = χ(M) =
1√
2π

n

∫

M

e(∇TM ),

where χ(M) is the Euler characteristic. In the second case, the ZZ2-grading is induced by
the chirality operator, thus leading to the following index theorem when the dimension of
M is a multiple of 4:

ind(D) = σ(M) =
(−1)l

π2l

∫

M

L(∇TM ),

where σ(M) is the signature operator, and n = 4l is the dimension of the manifold.

The space of forms Ω(M) splits Ω(M) = Ω+(M) ⊕ Ω−(M) in two ways,

• letting Ω+(M) be the space of even degree forms, and Ω−(M) be the set of odd degree
forms,

• letting Ω+(M) be the space of self-dual forms and Ω−(M) the space of anti self-dual
forms.

9.1 A first chiral Dirac operator on Ω(M)

Let us describe the first splitting. Given a vector space V , we define a parity operator on
ΛV by:

P : ΛV → ΛV

α 7→ (−1)|α|α

which satisfies P 2 = I. It induces a bundle morphism on ΛT ∗M defined on a fibre above
x ∈M by:

Px : ΛT ∗
xM → ΛT ∗

xM

α(x) 7→ (−1)|α(x)|α(x).

The operator P induces the following splitting of the space of forms:

Ω(M) = Ωev(M) ⊕ Ωodd(M)

where we have set:

Ωev(M) := {α ∈ Ω(M), |α| ∈ 2IN} = Ker(P − I)

and
Ωodd(M) := {α ∈ Ω(M), |α| ∈ 2IN + 1} = Ker(P + I).
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Since D = d + d∗ increases or decreases the degree by 1, it anti-commutes with P and
therefore sends Ωev(M) to Ωodd(M) and vice versa. This gives rise to a chiral Dirac
operator:

D+
P := D|Ωev(M)

: Ωev(M) → Ωodd(M).

In order to describe the second splitting, we first introduce introduce the chirality operator
Γ which will play the role of the parity operator P in the above. Proving that it anti-
commutes with D will take us a while.

9.2 The chirality operator

Let (V, q) be an euclidean space, and let Cl(V ) ⊗ IC denote the associated complexified
Clifford algebra. Given an orthonormal basis {e1, · · · , en} of V , the chirality operator
Γ ∈ C(V ) ⊗ IC is defined by:

Γ := ik(n)e1 · e2 · · · en

where the multiplication is the Clifford multiplication and k(n) = n
2 if n is even, k(n) = n+1

2
if n is odd.

It acts on ΛV IC where V IC is the complexification of V .

Lemma 8 • Γ does not depend on the chosen orthonormal basis,

• Γ2 = 1.

Proof We only prove the second point, leaving the first point as an exercise.

Γ2 =
(

ik(n)
)2

e1 · · · en · e1 · · · en

= (−1)k(n)+n−1e1 · · · en · e2 · · · en

= (−1)k(n)+
∑n−1

j=1 je21 · · · e22 · · · e2n
= (−1)k(n)+ n(n−1)

2 (−1)n

= 1 if n = 2k or n = 2k + 1.

tu
As a consequence of this lemma, if M has even dimension, Γ provides a grading of the
(complex) Clifford module ΩIC(M) := C∞(M,ΛT ∗M ⊗ IC) = Ω+

IC (M) ⊕ Ω−
IC (M) where

Ω+
IC (M) := {α ∈ ΩIC(M),Γ(α) = α} = Ker(Γ − I)

and
Ω−

IC (M) := {α ∈ ΩIC(M),Γ(α) = −α} = Ker(Γ + I).

Proposition 8 Given a Riemannian manifold (M, g), the chiral operator defined fibrewise
by

Γx : ΛpT ∗
xM ⊗ IC → Λn−pT ∗

xM ⊗ IC

α(x) 7→ ik(n) c(e∗1(x)) · · · c(e∗n(x))α(x)
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where e∗i (x) is an orthonormal basis of T ∗
xM does not depend on the choice of orthonormal

basis. Γ satisfies the following properties:

• On any smooth function f ∈ Ω0(M),

Γf = ik(n)fe∗1 ∧ · · · ∧ e∗n
so that Γf = ik(n) f .

• For any one form α ∈ Ω1(M)

ε(α)Γ = (−1)nΓi(α). (5)

• Given α ∈ Ωp(M), β ∈ Ωp(M),
∫

M

α ∧ Γβ = (−1)pn+ p(p−1)
2 ik(n)

∫

M

〈α, β〉xdvol(x) (6)

• On Ωp(M) we have:

Γ = (−1)pn+ p(p−1)
2 ik(n)? (7)

• The (formal) adjoint d∗ of d reads:

d∗ = (−1)n+1ΓdΓ.

• In even dimensions, d+ d∗ anti commutes with Γ:

Γ(d+ d∗) = −(d+ d∗) Γ.

Proof

•

e∗1 · · · e∗nΓf = c(e∗1) · · · c(e∗n)f

= c(e∗1) · · · (ε(e∗n−1) − i(ε∗n−1))ε(e
∗
n)f

= c(e∗1) · · · (e∗n−1 ∧ e∗nf − 0)

= fe∗1 ∧ · · · ∧ e∗n−1 ∧ e∗n

so that Γf = ik(n)fe∗1 · · · e∗n.

• It is sufficient to prove the result for α = e∗n. On one hand, we have, for any v ∈ TxM ,
α ∈ T ∗

xM :

ε(v)c(v)α = ε(v)(ε(v) − i(v))α

= ε(v)(v[ ∧ α− α(v))

= v[ ∧ v[ ∧ α− α(v)v∗

= −α(v)v[ ∧ α
= −(ε(v) − i(v))α(v)

= −(ε(v) − i(v))i(v)α

= −c(v)i(v)α.
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On the other hand, for v 6= w ∈ TxM ,α ∈ T ∗
xM , we have:

ε(v)c(w)α = ε(v)(ε(w) − i(w))α

= ε(v)(w ∧ α− α(w))

= v ∧w ∧ α− α(w)v

= −w ∧ v ∧ α+ ε(v)α(w)

= −(ε(w) − i(w))ε(v)α

= −c(w)ε(v)α.

It follows that

ε(en)c(e1) · · · c(en) = (−1)n−1c(e1) · · · c(en−1)ε(en)c(en) = (−1)nc(e1) · · · c(en−1)i(en).

Hence ε(en)Γ = (−i)nΓi(en).

• The third point follows by induction. The formula holds for functions as we saw
earlier in this proof. Assume it holds for p-forms and let α ∈ Ωp(M), β ∈ Ωp+1(M),
e ∈ Ω1(M), then:

α ∧ e ∧ Γβ = α ∧ ε(e)Γβ
= (−1)nα ∧ Γi(e)β using (5)

= (−1)n+pn+ p(p−1)
2 ik(n)〈α, i(e)β〉e1 ∧ · · · ∧ en by assumption

= (−1)n(p+1)+ p(p−1)
2 ik(n)〈ε(e)α, β〉e1 ∧ · · · ∧ en since ε(v)∗ = i(v)

= (−1)n(p+1)+ p(p−1)
2 +pik(n)〈α ∧ e, β〉e1 ∧ · · · ∧ en

= (−1)n(p+1)+ p(p+1)
2 ik(n)〈α ∧ e, β〉e1 ∧ · · · ∧ en.

• On Ωp(M), Γ is characterised by

α ∧ Γβ = (−1)pn+ p(p−1)
2 ik(n)〈α, β〉xdvol(x)

whereas ? is characterised by

α ∧ ?β = 〈α, β〉xdvol(x)

so that Γ and ? are related by:

Γ = (−1)pn+
p(p−1)

2 ik(n) ? .

• To check that d∗ = (−1)n+1ΓdΓ, we use Stokes formula:

〈α, d∗β〉g =

∫

M

〈α, d∗β〉xdvol(x)

=

∫

M

〈dα, β〉xdvol(x)

= (−1)(p+1)n+p(p+1)
2 i−k(n)

∫

M

dα ∧ Γβ
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= −(−1)p+(p+1)n+p(p+1)
2 i−k(n)

∫

M

α ∧ dΓβ

= −(−1)n

∫

M

〈α,ΓdΓβ〉dvol(x)

= 〈α, (−1)n+1ΓdΓβ〉g

• Thus, in even dimensions,

Γ(d+ d∗) = Γ(d− ΓdΓ) = −(d− ΓdΓ)Γ = −(d+ d∗)Γ.

tu

As a consequence of this proposition, the Dirac operator D = d + d∗ anti-commutes with
Γ. It therefore sends Ω+

IC (M) to Ω−
IC (M) and vice versa. We can therefore define a chiral

Dirac operator, called the signature operator:

D+
Γ := D|

Ω
+
IC

(M)
: Ω+

IC (M) → Ω−
IC (M).

9.3 The Euler characteristic as an index

LetM be a Riemannian closed (i.e. compact and boundaryless) manifold. As a consequence
of the theory of elliptic operators on a compact manifold, for any p ∈ IN, the cohomology
groupHp(M) is a finite dimensional space and its dimension coincides with that of the space

of harmonic p-forms Hp(M) := Ker
(

∆|Ωp(M)

)

. Since Hp(M) ' Hp
sing(M) ' Hsimpl

p (M)

whereHp
sing(M) is the singular cohomology group andHsimpl

p (M) is the simplicial homology
group, these have same dimension called the p-th Betti number and often denoted by

βp(M) := dimHp(M) = dimHp
sing(M) = dimHsimpl

p (M).

The Euler characteristic is the alternating sum of the Betti numbers:

χ(M) =
n
∑

p=0

(−1)pβp(M).

Example 6 χ(Sn) = 1 + (−1)n so that Sn has Euler characteristic equal to 2 if n is even
and 0 otherwise.

The index of the Dirac operator D+
P := (1 − P )(d + d∗) where P is the parity operator

which is 1 on even forms and −1 on odd forms, can be expressed in terms of the Euler
characteristic:

Lemma 9
ind(D+

P ) = χ(M).
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Proof As before we set D = d+ d∗.

ind(D+
P ) = dimKer(D+

P ) − dimKer(D−
P )

= dim (Ker((1 − P )D)) − dim (Ker((1 + P )D))

=
∑

p

dim
(

Ker(D|Ω2p(M)
)
)

−
∑

p

dim
(

Ker(D|Ω2p+1(M)
)
)

=

n
∑

p=0

(−1)pdim
(

Ker(D|Ωp(M)
)
)

=

n
∑

p=0

(−1)pdimHp(M)

=

n
∑

p=0

(−1)pβp

= χ(M).

tu
The Atiyah-Singer index theorem (which we do not prove here) gives a local expression of
the index:

Theorem 1

ind(D+
P ) = χ(M) =

1√
2π

n

∫

M

e(∇TM )

where ∇TM is the Levi-Civita connection.

There is another possible interpretation of the Euler characteristic as the index of the zero
section in the tangent bundle TM . Let f : M →W be a smooth map from a closed oriented
smooth m-dimensional manifold M to an oriented manifold W of dimension m + n such
that f is transverse to another closed oriented smooth n-submanifold N of M . A point
x ∈ f−1(N) has positive or negative type according to whether the composition:

TxM →Wf(x) →Wf(x)/Nf(x)

preserves or reverses orientation, where the first map is the tangent map to f . Accordingly
we set ix(f,N) = 1 or ix(f,N) = −1. The intersection number of (f,N) is the integer:

i(f,N) :=
∑

x∈f−1(N)

ix(f,N).

It is finite and invariant under homotopies of the map f .

Now if s0 : M → TM is the zero section of the tangent bundle of M , we have:

ξ(M) = i(s0,M).

As a consequence, since any section s of the tangent bundle is homotopic to the zero
section by the map (t, x) 7→ ts(x), if the tangent bundle to M has a section which is
nowhere zero then ξ(M) = 0. If ξ(M) 6= 0, every vector field on M vanishes somewhere
and the corresponding ”hairy” manifold ”cannot be combed”. When n is even, this is the
case of the n-dimensional sphere Sn which has Euler characteristic χ(Sn) = 2 so that a
hairy even dimensional ball cannot be combed.
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9.4 The signature as an index

Let M be an even dimensional closed manifold with dimM = n = 2k. The map

Ωk(M) × Ωk(M) → IR

(α, β) 7→ σ(α, β) :=

∫

M

α ∧ β

yields a bilinear form. Since
∫

M
α ∧ β = (−1)k

∫

M
β ∧ α, it is symmetric whenever k = 2l

is even. We now work in this setting so that n = 4l.

Lemma 10 In dimension n = 4l, the chirality operator Γ and the Hodge star operator ?
coincide on k = 2l-forms:

Γ|
Ωk(M)

= ?|
Ωk(M)

.

Proof Setting p = 2l and n = 4l in formula ( 7):

Γ = (−1)pn+ p(p−1)
2 ik(n)?,

yields the the result of the proposition.

Corollary 3 If n = 2k = 4l, l ∈ IN the space

Ωk,sd(M) := {α ∈ Ωk(M), ?α = α}
of self-dual forms coincides with Ωk,+(M) = Ker(Γ − I) ∩ Ωk(M) and the space

Ωk,asd(M) := {α ∈ Ωk(M), ?α = −α}
of antiself-dual forms coincides with Ωk,−(M) = Ker(Γ + I) ∩ Ωk(M).

Since the space of harmonic k-forms is finite dimensional, so are the spaces Hk,sd(M) of self-
dual harmonic k-forms and Hk,asd(M) of anti self-dual harmonic k-forms with dimensions
denoted by β+

k (M) := dimHk,sd(M) and β−
k (M) := Hk,asd(M) respectively. They coincide

with the k-th de Rham cohomology spaces of self-dual, respectively anti-self dual forms.

Proposition 9 In dimension n = 2k = 4l, σ induces a non degenerate symmetric bilinear
form on Hk(M). Its signature is given by

σ(M) := sign(σ) = dimHk,sd(M) − dimHk,asd(M) = β+
k (M) − β−

k (M)

where Hk,sd(M) is the (finite dimensional) space of self-dual harmonic k-forms and Hk,asd(M)
is the (finite dimensional) space of antiself-dual harmonic k-forms.

Proof Given two closed forms α and β, σ(α, β) only depends on the cohomology class of
α and β; indeed

∫

M

(α+ dγ) ∧ β =

∫

M

α ∧ β +

∫

M

dγ ∧ β

=

∫

M

α ∧ β +

∫

M

d(γ ∧ β) −
∫

M

γ ∧ dβ

=

∫

M

α ∧ β
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where we have used Stoke’s theorem to set the middle integral to zero and the fact that β
is closed to set the last integral to zero.

The form σ is non degenerate; indeed, let us assume that
∫

M
α ∧ β = 0 for any closed

k-form β and let us show that α = 0. Pick a harmonic k-form α as representative of a
cohomology class in Hk(M). Then

(d+ d∗)α = 0 ⇒ dα = d∗α = 0 ⇒ d(?α) = 0.

Hence ?α is also a closed k-form and we can take β = ?α. This yields α ∧ ?α = ‖α‖2 = 0
so that α = 0 which ends the proof of the non degeneracy.

To show that σ is diagonal on Hk,sd(M) ⊕ Hk,asd(M), let us compute σ(α, β) for vari-
ous types of forms α and β. If α ∈ Hk,sd(M), β ∈ Hk,sd(M)

σ(α, β) =

∫

M

α ∧ β =

∫

M

α ∧ ?β = 〈α, β〉,

if α ∈ Hk,asd(M), β ∈ Hk,asd(M)

σ(α, β) =

∫

M

α ∧ β =

∫

M

α ∧ ?β = −〈α, β〉

and if α ∈ Hk,sd(M), β ∈ Hk,asd(M)

σ(α, β) =

∫

M

?α ∧ β = (−1)k

∫

M

β ∧ ?α = 〈α, β〉 =

∫

M

?α ∧ ?β = −σ(α, β) = 0.

As a consequence, σ is diagonal on Hk,sd(M) ⊕ Hk,asd(M) with eigenvalues +1,−1 with
multiplicity b+k and b−k . It therefore has signature

sign(σ) = dimHk,sd(M) − dimHk,asd(M) = β+
k (M) − β−

k (M).

tu
Lemma 11 For a manifold M of dimension n = 4l,

χ(M) = b2l mod2.

Proof Setting k = 2l we have (dropping the M for the moment)

χ(M) =

n
∑

p=0

(−1)pβp

= (−1)kbk +

n
∑

0<p<k

(−1)pβp +
∑

0<p<k

(−1)pβn−p

= (−1)kβk + 2

n
∑

0<p<k

(−1)pβp

= βk mod2

where we have used Poincaré duality Hn−p(M) ' Hp(M) to identify βp(M) and βn−p(M).
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Proposition 10
σ(M) = χ(M) mod2.

Proof

σ(M) = β+
k (M) − β−

k (M)

= β+
k (M) + β−

k (M) mod2

= βk(M) mod2

= χ(M) mod2.

tu

The index of the signature operator

D+
Γ = (d+ d∗)|Ker(Γ−I)

coincides with the signature of M . tu
Lemma 12

ind(D+
Γ ) = σ(M).

Proof We first observe that if αi, i = 1, · · · , βj(M) is an orthonormal basis of Hj(M) with
j < k then α+

i = αi + ?αi, α
−
i = αi − ?αi, i = 1, · · · , βj(M) yield an orthonormal basis

of Hj ⊕Hn−j , where ? is the Hodge star operator. Since the α+
i are self-dual and the α−

i

are anti self-dual, they yield an orthonormal basis respectively of Hj,sd(M) ⊕Hn−j,sd(M)
and Hj,asd(M) ⊕Hn−j,asd(M). As a consequence,

β+
j (M) + β+

n−j(M) = dim
(

Hj,sd(M) ⊕Hn−j,sd(M)
)

= dim
(

Hj,asd(M) ⊕Hn−j,asd(M)
)

= β−
j (M) + β−

n−j(M).

Hence we have,

ind(D+
Γ ) = dimKer(D+

Γ ) − dimKer(D−
Γ )

= dim
(

Ker(D|
Ωsd(M)

)
)

− dim
(

Ker(D|
Ωasd(M)

)
)

=

n
∑

j=0

dimKerHj,sd(M) −
n
∑

j=0

dimKerHj,asd(M)

=

n
∑

j=0

β+
j (M) −

n
∑

j=0

β−
j (M)

=

k−1
∑

j=0

(

β+
j (M) + β+

n−j(M)
)

−
k−1
∑

j=0

(

β−
j (M) + β−

n−j(M)
)

+ β+
k (M) − β−

k (M)

= β+
k (M) − β−

k (M)

= σ(M).

tu
The Atiyah-Singer index theorem (which we do not prove here) gives a local expression of
the index as an integral of the L̂ genus:
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Theorem 2 Let M be an oriented Riemannian closed n = 4l dimensional manifold.

ind(D+
Γ ) = σ(M) =

(−1)l

π2l

∫

M

L(∇TM )

where as before, ∇TM is the Levi-Civita connection.

On a 4-dimensional manifold i.e l = 1, using the Taylor expansion of the L-genus, L(∇TM ) =
1 + 1

24 tr(ΩTM ∧ ΩTM ) + · · ·, we find that

σ(M) = − 1

24π2

∫

M

tr(ΩTM ∧ ΩTM ).
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