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Periodic Correlation Function

We consider a g-ary family of M sequences of period IV,
{817°"78M}7 SzEZéVa]-SZSM
with s; = (51(0),...,s1(N — 1)), where Z, is the ring of

integers modulo g.

Periodic correlation function:

N-—-1

Cig(r) = p_ w @m0

t=0

where w = exp(27j/4) = /—1 is a primitive fourth root

of unity and where @& denotes addition modulo N.




The Partial Correlation Function

Definition 1 The pertodic partial correlation function of s; with s;

at shift T and offset k with correlation length L < N 1s given by

k+L—1
P, (1, k, L) Z W ®T =8 () ] << < M,

where @ denotes addition modulo N, and 0 < 17 < N — 1.




The Partial Correlation and Its First Moment

Definition 2 The first moment of the partial correlation function

in Definition 1 is given by,

2" _9 A
(Pij(1,k, L)), = 57— >oneo Pij(T,k, L) = P; 5(7, L)

while its second absolute moment s given by

2™ —2 2
<‘ Pi,j(TvkvL) |2>k — 2n1—1 k=0 |Pi,j(7_7k7L)‘

The notation (f(k)), denotes an average over all possible values of

k of the argument f.




Z, and its extension

GR(4,n) as opposed to GF(2™).

Trace functions.

B € GR(4,n) of order 2" — 1: a« € GF(2") of order 2™ — 1.
m-sequence tr(zr) = tr(a’),0 <i < 2" -1,

m-sequences over Zy: Tr(af'),0 <i<2" —1,a € GR(4,n).




Z., m-sequences

Definition 3 Let

(14281, 0<i<2"—2
Yi =94 1, 1 =2"—1 :
2, =27

\

the Z4 mazrimal length sequence famaily is defined as

a;(t) =Tr(v:8Y),t=0,1,...,2" — 2.

Henceforth, we use:
¢ : the addition operation in Z,4 and
+ : either the addition operation in Zs or the ordinary addition

operation in R.




The First Moment for Family A

Theorem 1 The first moment obeys

L
(Pij (7., L))y, = 5= Cig (7),
and therefore, for Family A, it simply takes on values proportional
to the values in periodic correlation distribution with the same

multiplicities. These multiplicities were given in a previous lecture.




Proof

We have
2™ —2
Pij(rL) = o ZP,kaL
2" -2 L—1
__ si(kBtdT)—s,; (kdt)
= 53 Z )W
=0 t=0
L—-12"-2
— si(kPtdT)—s,;(kdt)
t=
L—1
1 L
om _ ] — )J (T) m _ 1 2] (7-)




The Second Moment

For Binary m-sequences, we have a well known result:

Proposition 1 For the binary m—sequence s1, we have

L—1
(1 Patr D) ), = 1 (1= 55 ).

when T # 0 (mod 2™ — 1).

It would be nice to have a similar result for Family A.
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Proof of Binary m—sequence Result

We have
oM _9
n 2
(2" = 1) {|P(r,k, L)), = > |P(r,k,L)
k=0
and
L—1 /
P(r,k, L))? = Y (~1)trliem (e ralth)
t,t' =0

As k ranges over [0,2" — 2] the pair (¢t + k,t’ + k) ranges over
0,2™ — 2] x [0,2™ — 2] L times. Therefore

2" 2 2" 2

Z |P<T k, L = L Z tr (o™ +1)(a® +at’ )]

k=0 t,t/'=
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This can itself be written as

2n 2 on_o
S P EDP =L@ DL Yyt
k=0 0<tAt/ <2m—2

or

2" —2 on_9omn o t
ST P EL)P=@" - DL+ LY Y (~1)trlemHhe el
k=0 u=1 t=0

which gives 37 % |P(r,k,L)|> = (2" — 1)L + L(L — 1)(—1) as

required.
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An exponential sum for Family A

The following result holds for both odd and even n:

Lemma 1 Consider the sum defined as
S(y)= ) W',
reG1
Then, for all v in R* we have

2" —2

> D RSO -} =1.

YisYj cel', 7=0
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Global Second Partial Correlation Function

Definition 4 We define the global (not for fixed ) second partial

correlation moment for family A as:

2" —2

(PP = oz 30 2 | Pu(rk L) P

k,7=0 ~v;,v; €'y

Theorem 2 The global second partial correlation moment for
Family A is given by

L(L—1)
(22n _ 1)2'

(I P(L)I?) = L+
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Proof

We have: ZZ;T_ZQO %2:;':0 P; i(1,k, L) [P; ;(1,k, L)]" which can be

rewritten as

2" —2 2"

Z Z Lz_l wsi(k@t@f)—sj(k@t)—si(l@t@f)jtsj(l@t) _

t77-:0 Z,J:O k,lZO
2" 2" —2 L—1 2" -2

- Y ¥ ¥ ;‘wT[w’“—ﬁl)(ﬁWi—vj)ﬁtL

i,j=0 7=0 k,l=0 t=0

We now separate the case k = [, and note that we can use complex

conjugate symmetry of the (ﬁk — ﬁl) terms to rewrite the sum as:
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2" 2™ -2

LE"—1) | > Y 1|+

i,j=0 T=0

+ Y S 2Re{S(8 -8B — )

0<k#I<L—1 i,j,7

= L2 -1+2 ) > Re{S(Bvi—)}

0<I<k<L—1 4,7

where the argument of the sum S(-) simplifies since i is invariant
under multiplication by a nonzero unit. Now note that the inner
sum has been evaluated in Lemma 6 to observe that the sum
becomes

L(2°" —1)2 +2[L(L —1)/2] = L(2*" —1)* + L(L — 1)

and the result follows by normalization.
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”Local” Partial Period Correlation for Family A

We are now ready to prove our “local” second moment for partial
period correlations in Family A. This computes the average

interference seen by sequence s;.
Definition 5 We define the local second partial correlation
moment for Family A with respect to sequence s; as:

2" —2

(1P0Y ) = G & 3 | Pulrk L) P

kT 0v,€l’y
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Classification of Family A Sequences

(a) n =2t + 1 (an odd integer)

Subset N No. of
Sequences

B —1 1

Pl 2t—14w2t | 2712+ 1)
Q —2t —1—w 2t | 207128 - 1)
R | 2t—1-—w?2t |2t71(2t +1)
S | —2t—1+w2t|2t-1(2t —1)
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The class containing the sequence s; belongs to, determines its

local second partial correlation moment.

Theorem 3 Let n be odd. The local second partial correlation

moment for sequence s; in Family A is given by

L(L —1)2(n=1)/2
(27 —1)2(2" +1)

<| P(L)® |2> — L+

where if v; € QUS the second term is positive, and if v; € PUR
the second term is negative.
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Concluding remarks

e Partial Correlation properties were studied.
e Described first two moments of the function for Family A

e The results for Family B are much more complicated, see my
paper with P. Udaya in SETA-08!
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