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Motivation

Gray Map : Z, 2, F"

" = Linear Cyclic Code over Z,

|

K = Kerdock Code (non linear code over F,)

™ (dual of T)

|

P = Preparata Code (non linear code over F,)

K and P are formally dual.

Questions:
Codes C over Z, such that ¢(C) is linear 7
Cyclique 7 linear Cyclique 7



Vectors and Polynomials over Z,



F,=2%2/27Z = ({0,1}, + mod 2, X mod 2)

Z, =7/AZ = ({0,1,2,3}, + mod 4, X mod 4)
e Additions in F,, F_, F,[z] denoted by &,

e Additions in Z,,Z, , Z,[z] denoted by +.

Binary decomposition, binary reduction

Define two maps 7 and q from Z, into I, :
If A€ Z,, then the 2-adic expansion of A is :
A =7(A) +2¢(N)

7(0) =0,¢(0) =0, 7(1)=1,4(1) =0,
7(2) =0,¢9(2) =1, 7(3)=1,q(0)=1.

Extending 7 and g to Z, and Z,[x]

If 2= (21,.-,2,---,2,) EZZ then :
r(z) = (7(2y),...,7(2,),...,7(2,))
7(2) = (@(2), @2, 0(2,))

z=7(z) +2q¢(2).
7(z) is the binary reduction of z.




If u(x) € Z,[x] then:
u(z) = 7(z) + 2¢(x)
with 7(z) and 7(x) in F,[z].
7(x) is the binary reduction of u(x).

Examples:

z=1(1,0,3,2,3,1):

7(2) = (1,0,1,0,1,1), §(z) = (0,0,1,1,1,0).
u(lz) =1+ 3x2 + 223 + 324 + 2°:

Fle) =14+ 224+ 2%+ 22, §(z) = 22 4+ 23 + 27

Special properties :

Let U = A+ 2B be with :
U € Z, (or Z,[z]) and A, B € F, (or F,[x]).

o 2U =2A
o 3(2J=—U2=A~—|—2(A~@B)
o U = (A)

If X and ¥ are in F, (or F,[z]) :
e 2(X+V)=2(XaY)

e 2X =2V () = X =Y



Componentwise product:
(or Hadamard product)

(U]-,...,un)*(vl’...’,vn):(ulvl7"'7unvn)
t—1 . t—1 . t—1 .
(Zz’:O uiT') * (Zi:o viz') = Zizo (TR AR

UxV ={uxv|uelU veV}

(F,, +, ®) is a commutative ring.



Notation:
R, [z] = {ag + a;x +. ..ad_lxd_l | a, € R}

Polynomial representation of R? :

P R — R,[x]
t—1 i

Plagsaysevsay,. .0, 1) =30 ax’.

Ring of Polynomials modulo f(x)

If f(x) € R[x] with deg(f(x)) =d,d > 1,
then :
Rlz]/(f(z)) = (Rylz], + mod f(z), x mod f(x))

Factorization of polynomials

Z,[x] is not a unique factorization domain :

2 = (z —2)(x — 2)
*—1=(z—1)(z+1D(x2+1)
= (z+ 1)2(z2 + 2z + 3).



Weights and distances in IB‘; and ZZ

U — (ulauza"'aut)r v — (’U]_,’UQ,...,’Ut) in Rt'
Hamming weight :

wy(u) = f#{¢ | u; 7 0}

Hamming distance :
dp(u,v) = #{i | u; v} = wy(v—u)

If R =7, define w()(u) = #{i | uv; = j}
for j =0,1,2,3.
Lee weight :

wr(u) = w (u) + w3 (u) + 2w (u)

Lee distance :
dr(u,v) = wr(v — u)

Example: v =(1,2,1,0,1),v=1(2,1,3,1,2)
v—u=(1,3,2,1,1) and
dr(u,v) =34+14+2=256

Polynomial version:

If u(xz),v(x) are the polynomial representa-
tion of u,u then:

dp(u(z),v(z)) = dy(u,v) and

dr(u(z),v(z)) = dr(u,v).




Let E be a subset of Rt and let d be a distance
in R

Forw e F and j € {0,1,...,t}, define :

Dj(u) = #{v € E | d(u,v) = j}

E is said distance invariant if, for every 5 in
{0,1,...,t} the number D;(u) is independant
of the choice of w in E.

If 0 € I, then for every u the number D;(u)
is equal to the number A; of elements of F
of weight ;.




Derivatives, Even part, Odd part in F,[z]

o Lz2] =0, d[z2H]] =z
If a(x) = Y;cra;x* € F,[z], define :
Ey(a(z) = Yjeven @iz’ (even part)
O4(a(z) =X, oqq a;x* (odd part)
Then :
o 04(a(z)) = vft[a()]
o By(a(2)) = a(2) @ z g [a(2)]
In Z,[x] :
o a(—z) = a(z) + 204(a(z))

= a(z) 4 2z fL[a(x)].
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Linear, Cyclic,Negacyclic
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Definitions :
R : commutative ring, t € N* .

A linear code of length t over R is a R-submodule
of Rt

Remark : A linear code over a ring is not
necessarily a free module.

Let w be an invertible element of R.
The w-shift o, of R! is the permutation of R?
defined by :

ow(ag,ay,...,a, 1) = (wa, ,aq,...,0, 5).

Constacyclic code : A subset C of R! is a
constacyclic code of length t over R if there
exists an invertible element of R such that
o(C) CC.

cyclic code : if w=1.

o, = o is the shift

Negacyclic code : if w = —1.

o_, is the negashift
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Warning : in classical theory for codes over
finite field, cyclic means linear and shift in-
variant. In this talk, a cyclic code is shift
invariant and not necessarily linear.

Proposition 1 A subset C of R! is a
linear w-constacyclic code of length t over R
if and only if its polynomial representation is
an ideal of R[x]/(x! — w).

Notations
A(t) = R[x]/(at — 1).
< r(x) > : ideal of A(t) generated by r(x).

Special notations :

IfFR=F,,t=n: A,(n), <r(x) >Z, P,

n

IfFR=F,,t=2n: A,(2n), <r(x) >§n, 732277,

n

If R = Z4, t=mn . A4(n)7 , < ’I"(CU) >Z7 734

Remark:
Ifu(x) € A,(t) then < 2u(x) >i: 2 < u(x) >7;.
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Gray map and Nechaev-Gray map
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Definition 2
Identifying an as FZ % FZ
the Gray map ¢ from Z, into an is defined

by :
If Z =v(Z)+2q(Z) with v(Z), ¢(Z) in F,[x]:

9(2) = (4(2),7(2) & 4(2))

Example :

If Z=(1,3,0,2,3,2) then :
¢(Z)=(0,1,0,1,1,1]1,0,0,1,0,1)

Remark :

¢(22) = (7(2),7(2))
P(X +2Y) = ¢(X) & ¢(2Y)

Ifn=1":
¢(0) = (0,0), ¢(1) =(0,1)
¢(2) = (1,1), ¢(3) =(1,0)
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Proposition 3
The gray map is an isometry for the Lee distance in

Z. and the Hamming distance in F_
Polynomial Gray Map

Definition 4

P.: polynomial reprensentation of 7.
P.": polynomial reprensentation of F. .
The polynomial Gray Map ¢, is:

6. =P ¢ (P)"

Ifa(x) is the polynomial representation of a then ¢,(a(x)

is the polynomial representation of ¢(a).

o} - ~ ~ ~ - ~ - - -
Q:(aoaam-"aan—l) - (q07q1"'7qn—1 ‘TO@Qm'rl@Q1a-'-7rn—1@qn—1)
g 5
- - ¢ - - -
a(z) = 7(x) + 2¢(z) — q(x) @ xz"(7(x) © q(x))

¢.(7(z) +2¢(x)) = q(z) & " (7(z) ® q(x))
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The Gray map of the negashift
shift of the Gray map.

Theorem 5 n € N*, n odd,

iIs the

b: Gray, v: negashift of ZZ, 5: shift ofIan.

With a, = 7 + 2§

o] ~ ~ ~ ~ -~ o~ -
(0’070’17“'?0’7171) _— (q07Q1"'7Qn71 ‘ro@q07rl®Q17

l,, lg

¢ ~ ~ o~ -~ =~ ~
(_a’n—lﬁa‘oa"')an—Q) - (/’nnf(l@qn—Uqu"')'qn—laro@qoa"'

Corollary 6 n odd.

¢(Linear negacyclic code)
= dist.invariant cyclic code

c -2, $(0)

b
c -2 ¢(0)

Proof: C lin.negacyclic code. ¢(v(C)) = 5(¢(C)).
Since v(C) = C, then ¢(C) = c(¢(C))

C'is Lee-distance invariant and ¢ isometry from Lee to
Then ¢(C) is distance invariant.

Remarque: ¢(C) is not necessarily a linear code.

P11 @ G,)

) 7:71,—2 @ QrL—Q)

Hamming.
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Polynomial version

PZ: polynomial reprensentation of ZZ.

pt o ZJal/(a" + 1) — Z,[2]/(a" + 1)

a(z) — za(x).

p+772 =P,V
a= (ag,ay,...,a, 1) 4 alz) =312 a:c
| Jp+
(—a, {,aq9,-.-,a, 5) —%, za(z) mod (z" + 1)

Equivalent transformations :
multiplication of P (a) by  mod (2" 4 1)
negashift of a in Z,.
shift of ¢(a) in F..

18



'
J:

linear negacyclic code.
ideal in Z,[z]/(z" + 1), polynomial
representation of C.

Pyl
Fa) T 2 8(C)
C

¢

— ¢(C)

J

p

_—
_|_

(P, 1
_—

J
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Definition 7

The Nechaev permutation ™ of Fj defined by:
T(Qgy ooy @iyee sy ) = (Qgys ooy Qyye ey Q)
where T: permutation of {0,1,...,4,...2n — 1}:
(1,n+1)3,n+3)...2i+1,n+2i+1)...(n—2,2n —2)

Proposition 8 Assume n odd.
PZ . polynomial representation of ZZ
pZz]/(a" 4+ 1) — Z,[z]/(z" + 1)
a(z) — a(—x)

o : permutation of Z,

(ao,a1,...,ai,...,an-1) — (ao, —ai,ao,...,(—1)a,,
7w . Nechaev permutation.
¢ . Gray map

then :
uP, =P,
To = ofi
n (PZ)_l n @ 2n
Zylz]/ (=™ 4+ 1) Z4 o FQ
| LI
Pt n
Zylal/ "+ 1) —— 7, & F

20
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By using —a; = 7 + 2(7; ® ¢;):

a(z) = 7(z) + 24(z) —— a(—x)
l(P})l l(?j)l
a = (a’07a’17“’7a’n—1) L) (a07"'7(_1>iai7'~°7an—1)

I I+

- - - T - o~ - o~ - _~ o~ o~ -
(QZ7|TZ@QZ7) —_— (QOvrl@%vfb"'|ro@qoaQ17T2@Q2--

Equivalent transformations :
e substitution of z by —z in Z,[x]/(z" + 1)
o [iinZ.
e Nechaev permutation in Fi

Proposition 9

wu(x) — u(—x).
If n is odd then u is a ring isomorphism.

Corollary 10

If I is an ideal of A,(n) then pu(I) is an ideal of
L Jx]/(z" 4 1).

P . ¢ .
I —— lin.cycl.code @ —— ¢(lin.cycl. code)
| | |
P ¢
w(l) —— lin.negacycl. code — cycl. code

21

-)



Definition 11
The Nechaev-Gray map is the map ¢ from
7" into an defined by :

4
Y =T

(P, &
I ———  lin.cycl.code — ¢(lin. cycl. code)

| I I

(P, &
w(l) ——— lin.negacycl. code — cycl. code

Theorem 12 Ifn odd :

W (linear cyclic code)=cyclic code.

22



SUMMARY
Theorem 13
Let C' be a linear code over Z,. Let ¢ be
the Gray map and let ¢ be the Nechaev-Gray

map.

1) ¢(C) is a cyclic code if and only if C is a
negacyclic code.

2) ¢ (C) is a cyclic code if and only if C is a
cyclic code.

23



Polynomial version n odd.

Definition 14
The ¢, polynomial Gray map and the vy,
polynomial Nechaev-Gray map are defined by:

Ifa(x) : po/ynognia/ representation of a, then
dp(a(z)) =P, (¢p(a))
Yp(a(@) =P (¥p(a))

(polynomial representation of ¢(a) and 1 (a)

If a(z) =7(x) + 2¢(x), then :
¢pla(z)) = q(z) ® z"(q(z) © 7 (z))

Proposition 15 (Main property)
wu(x) — u(—x).

wp — prlu
VYpla(z)) = dpla(—x))

Proposition 16
Vp(a(@)) = @"+1)i)G - [(@"+1)7()

24



Example:

a=(1,3,0,2,3,2,0).
a(r) =14+ 3x+ 223 4+ 3% 4+ 22°.
a(—z) =1 — 3z — 223 + 32% — 22°

= 1—|—a:—|—2:v3—|—3a:4—|—2:v5

=14az4 2%+ 23+ 2% 4 2°).
Pp(a(2)) = dp(a(—2))
= 342?425+ (1+r+2P) D (23 +24+25))
:$3+$4+$5+$7(1+$+3§3+$5)
:CB3—|—£B4—|—£C5—|—£C7-|-£B8-|-3310-|-:1312.
+(a) = (0,0,0,1,1,1,0|1,1,0,1,0,1,0).

25



CYCLIC CODES OVER Z,
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Lemma 17 (Hensel)

If d(x) is a monic divisor of z™*—1 over F, with
n odd, then there is a unique monic divisor
d(x) of 2™ — 1 over Z, such that the binary
reduction of d(x) is d(z).

d(z) is the Hensel lift of d(z).

Construction

ed(¢”) = d(z)d(—z) calculated in Z,[x] and
with e € [—1, 41].

Example. In F,[z] :

' —1=(z—-1D(3+24+1D)(@3+22+1).
If d(z) = 23+ 2+ 1 then :

d(2)d(—z) = (@3 +z+1)(—23 -2+ 1)
—x6—2x4—x2—|—1

—(376 4+ 2% 4+ 22 — 1)

and finally : d(z) = 23 4+ 222 + = + 3.
Similarly we find in Z,[z]:

rl — 1=
(z— 1) (23 + 222+ 2+ 3) (23 4+ 322+ 22+ 3).

27



Structure of Z,-linear-cyclic codes of
odd lengths

Theorem 18 (Several authors)
Let n be odd.

a) Every ideal in A,(n) is a principal ideal .

b) If C is a linear cyclic code of length n
over Zg4, then its polynomial representation I
is a principal ideal generated by a constant
polynomial or a polynomial of the form :

9(z) = a(z)[b(z) + 2]

where " — 1 = a(x)b(x)c(x) in Zalx].

deg c(x) degb(x)

c) The cardinality of C is 4 2

Notation : [n,a(x),b(x), c(x)] code.

Remark : A decomposition of £™—1 into irre-
ducible factors in Z4[z] can be deduced from
the decomposition of 2™ — 1 into irreducible
factors in F>[x] by using Hensel Lemma.

28



Proposition 19 If g(x) = a(x)[b(x) + 2] is
the generator of a linear cyclic code over 7
of odd length n, with 2™ — 1 = a(x)b(x)c(x)
then :

PI(C) =< a(z)b(z) > + < 2a(z) >"

Proof

e g(z) = a(z)[b(z) + 2]
c(z)g(z) = a(z)b(z)c(z)+2a(z)c(z) = 2a(z)c(x)

since a(z)b(x)c(x) = 2™ — 1.

e 2g(x) = 2a(x)b(x)

From uw(x)b(x) + v(zx)e(x) = 1:
2u(x)a(x)b(x) + 2v(x)a(x)ce(x) = 2a(x),
2u(x)g(x) —|— v(z)e(x)g(x) = 2a(x) hence
2a(x) € 77 (C).

e a(x)b(x) and 2a(x) both belong to 7?4“(0)
Therefore < a(:z:)b(:c) > + < 2a(z) >,
included in 7? (C).

e Conversely, every member of 7? IS a
multiple of a(x)[b(x) 4+ 2] and thus
belongs to < a(x)b(x) >Z + < 2a(x) >Z.

29



Proposition 20

P, (C)N<2>,=<2a(z) >,

Proof

If u(z) € P, (CIN < 2>,

w(x) = m(x)a(x)[b(x) + 2] = 2s(x)

e Euclidean division in Zg[x]:

m(x) = c(x)q(x)+r(x) with degr(xz) < degc(x).

u(z) = (2" — 1)q(z) + r(z)a(z)b(z)
+2a(z)[c(z)g(z) + r(x)]

e Modulo (2™ — 1):

2s5(z) = r(z)a(x)b(z) +2a(z)[c(z)q(z) +r(z)]

e Binary reduction: 7(z)a(xz)b(xz) = 0.

Since a(xz)b(x) is non-zero : 7(x) = 0.

This means r(z) = 2q1(x)

e Finally:

u(z) = 2a(2)b(z)q1(z)+2a(z)[c(z)q(z)+r(z)].

Therefore u(zx) belongs to < 2a(x) >,.

Conclu5|on

P (C)n<?2 > is mcluded in < 2a(x) >

o Conversely < 2a(:c) > is obviously mcluded

in 7? (C)n<?2 >

30



Negacyclic codes of odd lengths

Proposition 21
Define p: A,(n) — Zglx])/(c™ 4+ 1) such that:
pla(x)) = a(—z).

If n is odd then p is a ring isomorphism.

Corollary 22

If I is a subset of A,(n) with n odd, then I
is an ideal of A,(n) if and only if u(I) is an
ideal of Za|x]/(x™ 4+ 1).

Corollary 23 Let n be odd.

a) Every ideal in the ring Zg4lx]/(z™ 4+ 1) is a
principal ideal .

b) If C is a linear negacyclic code of length
n, then its polynomial representation I is a
principal ideal generated by a constant poly-
nomial or a polynomial of the form : g(x) =
a(x)[b(x) + 2] where 2™+ 1 = a(x)b(x)c(x) in
Zyalx].

c) The cardinality of C is 49€9c(z)pdegb(z)
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Examples of Nechaev-Gray images.

C' . linear cyclic code over Zjg4.

Generator : g(xz) = a(x)[b(x) + 2].

C =y (C). i

Length of C': n = 2n.

Cardinality of ¢ = 2k

(k =2degc(x) + degb(x))

w : min.weight of C,

wy;y,. - largest min.weight for binary linear
codes of length n and dimension k

Weyel, - 1argest min. weight for binary (7, k)
linear cyclic codes.

1) 71 = 14
a(z) = (z — D) (23 + 222+ 2+ 3) ,b(z) = 1.

k=6, w=06, wy,, =5, Weyel, = 4

2) 7i = 42

a(z) = (z — 1) (23 + 222 + 2+ 3)
(5136—|-2x5—|—3334—|-3a:2—|—x—|—1)
(:c6—|—ac5—|—3:1:4—|—3:132—|—2:13—|—1)

b(z) =22+ x4+ 1.

k=38, w=18, wyy = 18, weyq = 14.

32



Z4-LINEAR CYCLIC CODES WHOSE
NECHAEV-GRAY IMAGES ARE
Fo-LINEAR CYCLIC CODES
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C : [n,a(x),b(x),c(x)] linear cyclic code
over Z,, n odd.
¢ . Gray map, ¢ . Nechaev-Gray map.

Question : we know that ¢(C) is a cyclic
code.

When ¢(C) is a linear cyclic code 7
When ¢(C) is a linear code ? a linear
cyclic code ?

34



Proposition 24

C': lin.cyclic code over Z4 of odd length n.
g(x) = a(x)[b(x) + 2]: generator of C.

¢. Gray map.

o(C) is a binary linear code if and only if :
< @(2)b(z) >, * < a(z)b(z) >, C < a(z) >,

Proof:
From the definitions:

d(u1 + uo) = ¢(u1) + ¢(u2) + ¢(2(uy *x un)).

Consequence:
o(C) is a binary linear code if and only if :

VYui € C, Yus € C, 2(@1 *@2) cC

Polynomial version:
o(C) is a binary linear code if and only if :
Vmi(xz) € A,(n), Vmo(x) € A (n)
©)  2(m1(x)§(z) * ma(2)§(x)) € P,(C)

Since §(z) = a(2)b(x), then (C) is:

2(1 (2)@(2)b(x) * iz (x)a(z)b(z)) € P, (C)

35



From
o P, (C) N (24,(n)) =< 2a(z) >,

o < 2a(z) >,=2<a(z) >,
o 20(x) = 2u(x) = v(x) = u(x),

21 (2)a(z)b(x) * mo(2)a(2)b(x)) € P, (C)
IS equivalent to:

iy (x)a(z)b(x) « mp(z)a(e)b(z) €< a(z) >,

which gives the expected result.
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Theorem 25 (W. 2000)
C': lin.cyclic code over Z4 of odd length n.
1) ¥(C) is a distance invariant cyclic code.

2) ¢(C) is contained in the linear cyclic code
of length 2n generated by a(z)b(x).

3) If ¥(C) is a linear code then (C) is the
linear cyclic code of length 2n generated by
a(z)° b(x).

Proof:

¥ (C) distance invariant

Comes from:

Y(C) = 7(¢(C)),
»(C) distance invariant,
7 vector isomorphism.
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(C) in the lin.cyc.code generated by a(z)b(z).
If u(x) € PZ(C’) then u(z) = m(x)g(x).

Euclidean division in Z,[x]:
m(z) = c(z)Q(z)+R(z), deg(R(z)) < deg(c(x)).
In Z,[z]:
u(z) = a(z)b(z)c(z)Q(z) + R(z)a(z)b(z)
+2a(z)[c(z)Q(z) + R(z)]
In A,(n) (because z" — 1 = a(x)b(x)c(x)):

u(z) = R(z)a(z)b(z)+2a(z)[c(z)Q(z)+R(z)].

Remark: if v(x) = u(—=x) then v(x) = u(x).
Hence u(—z) = R(z)a(z)b(z) + 2Q1(z).

Yvp(u(z)) = ¢p(u(—))
= Q1(2)+a"[R(2)a(z)b(z)+Q1(2)]
= 2" R(z)a(x)b(z) + (" +1)Q1(2).

Since 2™ — 1 = a(x)b(z)é(x) then ¢Yp(u(z)) is

a multiple of a(z)b(x) and therefore belongs
- ~ 2n

to < a(z)b(zx) >, .
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H(C) lin.= (C)=lin.cyc. gener. by a(z)’ b(x).
We know:
(1) ¥ (C) is a linear cycllc code
(2) ¥p(C) C< a(z)b(x) > -
(3) wp(C) is a vector subspace of A,(2n).
(4) 7? (C)Nn<?2 > =< 2a(x) >

From (2): u(x) € Yvp(C) = u(x) = m(x)a(x)b(x).
From (3): ¢(xz)u(x) gzpp(C) and:
c(x)u(x) = m(x)a(x)b(x)c(x)
= m(x)(z" —1) = m(z) + 2"m(x).
= ¢p(2m(z)) = ¢Yp(2m(z)).
Then Yyp(2m(x)) € vp(C) and 2m(x) € C.

From (4): m(x) €< a(x) >
m(x) = s(:c)a(a:) |n As(n).
u(x) = s(af:)a(a:% b(a:)
wp(C) C< a(x) b(x) > -

Cardinalities: dege(e) _degb(e)
| vp(C) |=|C |=4 2
2n _ 1 = a(2)°b(z) &(z)° then:

- 2 ~ 2n degc(x) degb(x
< a(z) b(x) >, |=4eg()2 29 b(z)

Conclusion: ¥ p(C) =< 'd(az:)2 b(x) >§n.
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Special construction of divisors of " — 1.

Definition 26

Let u(x) be a divisor of 2™ — 1 in F,[z] with

n odd and let 3 be a primitive n-th root of

unity over I¥,.

1)) Ifa(z) =1 then (u®u)(x) =1

2) If not, (u®u)(x) is the divisor of x™ —1 in
F,[xz] whose roots are the B'5J such that (3

and (3) are roots of u(zx).

EXAMPLE n =21
(0)(1,2,4,8,16,11)(3,6,12)(5,10,20,19,17,13)
(7,14)(9,18,15)

—1 = mo(z)m1(z)mz(z)ms(z)m7(z)mo(x)
m;(x) : minimal polynomial of 3* over F,.

u(z) = mo(x)mi(x)
Roots of a(z) : 8°,8%, 8%, 8% 6%, 61°, 6.

Roots of (u® u)(x) :

B9, 8, B2, B4, 38, g6, ptl
ﬁ3 ﬂ6 512 ﬂ5 510 ﬁQO 619
ﬁl’T’ ﬁ7137 5’9, 5’187 5’15_ ’

(@ ® u)(z) = mo(x)m1(z)mz(z)ms(z)mg(z)
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Theorem 27 (W. 2000) n odd.

C': linear cyclic code C over Z, of length n.
g(x) = a(x)[b(x) + 2] : generator of C with
" — 1 =a(z)b(z)c(z) in Z,[x].

¢: Gray map, ¢: Nechaev-Gray map.

Let e€(x) be such that :

" —1=(c®c)(x)e(x) in F,x].

I) The following properties are equivalent :

1) ¢(C) is a binary linear code.

2) ¢(C) is a binary linear cyclic code.

3) (¢®¢)(x) divides b(x)e(x) in F,ylz].

4) a(x) divides e(x) in F,[x].
II) If one of the previous conditions holds
then ¢ (C) is the binary linear cyclic code of

length 2n generated by a(z) b(x).
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Main tool: Mattson-Solomon Transform

n € N, n > 2, p prime power, g a power of p
n not a multiple of p.

K: the splitting field of ™ — 1 over Fy.
w: primitive root of 2" — 1 in K.

Definition 28 The Mattson-Solomon Trans-
form associated to w is the map:

T,: A,(n) — A,(n) s.t. :
n-l —iy i
To(m(z)) = > m(w )z)
i=0
Theorem 29 7T, is a bijective map and
-1 -1
(Tw) — N Tw_]_

-1 .
where n ~ inverse modulo p.

1 n—1 i
If T,(m(x)) = m(z) then m(z) =n d m(w ).

j=0
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Hadamard product:

n—1 . n—1 ' n—1 '
(>, ax) @ () bix') = ) a;ba’

Theorem 30

T, IS a ring ismorphisme from

(.Aq(n), +, x) into (Aq(n), +, ®).
Tw(a(z) + b(x)) = Tw(a(x)) + Tw(b(x))
Tw(a(z)b(z)) = Tw(a(z)) @ Tw(b(z))

Tw(wo) =z
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Sketch of the proof of the main Theorem:

Special case:

If ¢(z) = 1 then 2" — 1 = a(z)b)(x) and
g(x) = 2a(x).

Hence ¢(C) is the linear cyclic code gener-
ated by (z" — 1)a(z) = a(z) b(x).
Furthermore, since g(—x) = g(x) then

Y(C) = ¢(C).
From now on, assume c(x) # 1.

Part II):
Direct consequence of a previous result.

o(C) is linear < ¥(C) is linear cyclic
The Nechaev permutation is a linear map and
Y(C) is cyclic.

(¢ ® &) (x) divides b(z)é(x) < a(z) divides é(x)

" — 1 = a(z)b(z)é(z) = (E® &) (x)e(x)
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a(x) divides e(x) = ¢(C) is linear

Let 5(z) = mi(x)a(z)b(z) x mo(x)a(z)b(x).

Using the inverse Mattson-Solomon trans-
form with d(x) = a(x)b(x) we obtain:

n—1 n—1 n—1
Y 582" = (Y mu()d(B)a") (Y ma(8)d()a)
k=0 i=0 §=0

= 3 Y mE)dAE)ma(s)HI(3)"

(c®c)(B*)=0, i+j=k

3B #0=(CEee@BF) =0
(1) Eea@r)#0=35B% =0

Since 2" — 1 = (¢®c)(x)e(x) and n odd,
¢® c(x) and €(x) have no common root.
Thus:

(2) (EeaBF) £o0sepr) =o.

From (1) and (2):
é(B*) =0=35(8") = 0.
&(x) divides 3(z) hence 5(z) €< &(z) >..
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5(z) €< é(x) >, and if a(z) divides &(z) then:

< &(z) >, C<a(z) >,

5(z) = 11 (x)a(z)b(z)*ma(z)a(z)b(z) €< d(z) >,
< @(z)b(z) >, * < a(z)b(z) >, C < a(z) >,

which proves that ¢(C) is linear.

o(C) is linear = a(x) divides e(x)

Assume ¢(C) linear code.
1) a(x) = 1: obviously a(x) divides e(x).

2) a(x) # 1.

Notation:
K=1{k|0<k<n-1, (E®d(B") =0}
J(k)={j|0<j<n—1,8p)=0,¢&pB"7) =0}
Aj(k) = d(87)d(B7) with d(z) = a(z)b(z).
Sk(X) = Zjej(k) Aj(k)Xj-
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Since ¢(C) linear code, if0<t<n-—1
AN () : a(z)b(x) x zta(x)b(z) = M(z)a(x)
Inverse Mattson-Solomon transform

3 SL(BHZ = S X(BMa(sh)a”

ke K keK
K={k|0<k<n-1, (¢od)(s") =0}

SEp(X) = Zjej(k) Aj(k)Xj

From the definitions: Vke€ K : A;j(k) #0
then S, (X) is not the zero-polynomial.

1 <deg(Sp(X)) <n-—-1

J
Not all the n roots of z™ — 1 are roots of S.(X).
Y
3¢, 0<t<n—1:8.(8") #0.
Y
Xe(BF)a(sr) # o.
J

a(B*) # 0.
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We deduce:
(E®&)(B") =0=a(s") #o0.
a(6") = 0= (€@ (8") # 0.
a(6*) = 0= ¢&(g") = 0.

which means that a(x) divides e(x).
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EXAMPLE

n =21

Fosa =F(a), B = a3

m;(x) : minimal polynomial of 8* over IF,.

221 =1 = mo(2)my (z)Mm3(x) s (x) 7 (x)mg(x)

a(z) = m7(z)
b(z) = m3z(x)ms(z)mo(x)
c(z) = mo(x)m(x)

(€@ ) () = mo(x)my(z)mz(z)ms(z)mo(x)
e(x) = my(x)

a(x),b(x), c(x) Hensel lifts of a(z),b(x),c(z).

C : linear cyclic code C over Z, of length 21
generated by g(x) = a(z)[b(x) + 2].

W(C) is the binary linear cyclic code of length
42 generated by a(z)°b(x).
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Finding, for a given odd n, all linear cyclic
codes C over Z4 of length n whose Nechaev-
Gray images are binary linear cyclic codes.

For each divisor ¢(xz) of ™ — 1 over F5 :
1) Calculate (¢ ® ¢)(x).

2) Determine €(x) such that :
2" — 1= (c®c)(x)e(x) over Fr.

3) For each divisor a(x) of €(x) over F5 :

(i) Determine b(x) such that :
2™ — 1 = a(x)b(z)é(x) over Fy.

(ii) Calculate the Hensel lifts a(x), b(x), c(x)
of a(z), b(x), é(x).

(iii) Calculate the generator of C :
g(z) = a(x)[b(x) 4+ 2] of C.
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C' . Zg-linear cyclic code of odd length n,
g(x) : generator of C.

Question :

We know when (C) is a linear cyclic
code (equivalent to : ¢(C) linear code).

When ¢(C) is a linear cyclic code 7

Theorem 31 (W. 2000) n odd.
A) The following properties are equivalent :

1) ¢(C) is a binary linear cyclic code.

2) C is a negacyclic code.

3) g(z) = 2d(z) or g(z) = d(z) + 2
where d(x) is a divisor of x™—1 in Z4[x].

B) If g(x) = 2d(x) then ¢(C) is the binary
linear cyclic code of length 2n generated
by d(z)(z™ — 1).

If g(x) = d(x) + 2 then ¢(C) is the binary
linear cyclic code of length 2n generated
by d(z).
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Summary

n odd,

¢ . Gray , ¢ : Nechaev-Gray .

C' . linear cyclic code over Z4 of length n.
g(x) : generator of C.

o(C) linear code
T

¥ (C) linear cyclic code

3K 3K 5Kk 3Kk 5K 3Rk 3Kk 5K Rk oKk 5k Kk 5K kR >Rk 5k skok okok ok kok kok

o(C) linear cyclic code

0
g(z) = 2d(z) org(x) = d(x) + 2

(with d(x) divisor of x" — 1)

Nechaev-Gray map better than Gray-map
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Examples
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Theorem 32

n odd.

C : [n,a(x),b(x),c(x)] code.

Y . Nechaev-Gray map.

If c(x) = 2% — 1 where s is a divisor of n,then:
Ww(C) is a linear cyclic code of length 2n.

Special case : n=2'—1, ¢(x) =z — 1.

Proof

{rootsof ¢(x)} = mult.sub-group of order s.
Hence (c®¢)(x) = ¢(x).

™ — 1 = a(z)b(z)é(z) = é(z)(e® ) (x)

and a(x) divides é(x).
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Special divisors of ™ — 1 over Fs:

Binary weight: if i = ZH e,2' € N then

wo(7) = weight of (e, 61::. S T
o . primitive root of Fox '
e m;(x) : minimal polynomial of o' over F5.
e 7;(x) : product, without repetition, of the
m;(x) such that w,(:) = j.

o M,(x) = ngwz(j)gu mi(x) (u>1)

o Mo(x) =1
Example: t =3, n = 31.
LU31 — 1=

mo(x)m1(z)mz(z)ms(z)m7(xz)mi1(x)mis(x)=
(z -1 +22+ D)2+ 2%+ 23+ 224+ 1)@+ 24+ 224+ 2+ 1)
(P + 22+ 22+ D@+ 24+ 23+ +1D)(2>+234+1)

wg(i)=1:z’=1, wz(i):22i23,5
wa(i) =3:i=7,11, wa(i) = 4 : i = 15.
71(x) = mi(z) = (> + 22+ 1)

2(z) = ma(z)ms(x)

(P F+z*+ 23 +2°+ D)@+ 2+ 22+ 4+ 1).

m7(x)mi1(x)

(P F+ 23+ +c+ 1)@+ +23+2+1)
7a(x) = mis(x) = (2 + 23+ 1).

Mi(z) = 71(x) = m1(z),

Mo(z) = 71(2)72(x) = mi(z)ma(x)ms(x).

M3(z) = 71(2) T2 (x)73(x) = m1(z)ma(x)ms(x)m7(x)mi1(x).

73(x)
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Theorem 33 n=2!—-1.

o . primitive root of IFQt.

m1(x) : minimal polynomial of o over IF,.
m1(x), m,(x) : Hensel lifts of m;(x), mo(x).
Y  Nechaev-Gray map.

C : [n,a(x),b(x),c(x)] code.

If
1) c(z) = mi(=z) orc(z) = (z—1)m1(=),
2) m,(x) divides b(x),

then ¢ (C) is a linear cyclic code.

Proof |
{rootsof &(z)} =M (o) = {o,a?,...,a%, .. .,azt_l}
or = {1} Ul ().

(c®c)(z) = 7ma(x)

or = ¢(x)mo(x)
" — 1 = a(z)b(z)é(z) = é(z)(E® &) (x)

= é(z)72(x)

or = é(x)c(x)mo(x).

If m,(x) divides b(x) then a(x) divides e(x).
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Reed-Muller code of order one as
doubly extended Nechaev-Gray image

Theorem 34

n=2"-1,

o . primitive root of I,

’r'ha(x) : minimal polynomial of o over F,.
— 1= (z — 1)ma(z)h(z) overF,.

ma(w) Hensel lift of ma(x).

h(z) : Hensel lift of h(x).

Y . Nechaev-Gray map.

C: linear cyclic code over 7, of length n gen-
erated by h(x) (ma(m) + 2).

1) ¥(C) is the binary //near cyclic code of
length 2n generated by h(x) ma(x)

2) If CT is the extended code of C then

w(C ) is the Reed-Muller code of order one
t+1

of length 2

Remark :
w(CJr) = w(0)++ doubly extended binary lin-
ear cyclic code.
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Tools for a proof

¥ (C) linear cyclic code.

c(z) =z—1, (c®e)(z) = é(x),
e(x) = a(x)b(x) thus a(x) divides &(x).

»(C") Reed-Muller code.
Generator of the simplex code of length 2t — 1 defined by «:
3(z) = (z - Dh(z) = Y Gz

Generator matrix of the simplex code:

S50 8 ... 8wt O ... ... 0

0 50 51 ... Bax O ... 0
Sg=[0 o % & [ 5. 0

0 ... ... 0 B0 F ... Fu

Generator maErix of the Reed-Muller code of order one
and length 2"

111 11............ 1 1 11 111............ 1 1\ po
O0O0 O0O0............ 0O O 11 111............ 1 1)p,1
0 01 :
St : St N

0] 0

0] 0

P.(C) =< a(z)b(z) >, + < 2a(z) >,
=< h(z)ma(z) >, + < 2h(z) >,
=< Y " a2 >! + < 2h(x) >
po: Gray image of 23 """ 4 extended.
p1: Gray image of > u extended.
pi: Gray image of 2725(z) = ' 2(z — 1)h(x) extended.
dim (C")=dim ¢(C")=dim(Reed-Muller of order one).
Conclusion: ¢(C")=Reed-Muller of order one.

»(C™T) equivalent to ¢(C") since Nechaev permutation permutes
words components of ¢(C).
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Reed-Muller code of order two as
doubly extended Nechaev-Gray image

Theorem 35 n=2t—-1 .

o : primitive root of If_,.

ma(z) © minimal polynomial of a over F,.
ma(z), 7, (x) : Hensel lifts of ma(x), 7,(x).
Y Nechaev-Gray map.

C': linear cyclic code over Z, of length n
generated by a(x)(b(x) + 2) with

2" — 1 = a(x)b(x)c(x) and

c(x) = (z — 1)ma(z), b(z) = m,(x)

C+ ;. extended code.

then
w(0+) is the reed- Muller code of

order two of length 2t+1.

Remark :

w(C+) = w(C)++ doubly extended binary lin-
ear cyclic code.
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Outline of the proof

1 (C) linear cyclic code.

c(z) = (z — Dma(z), (E®E)(x) = (z — D)ma(2)7,(x) = b(z)&(x)
then e(z) = a(x).

»(C") Reed-Muller code of order two.

Generator matrix of the Reed-Muller code of order two

111 1............ 1 1 1111............ 1 1 00
O00 O............ 0 0 1111............ 1 1 P1
0 0 :
Pi
St s St 3
Pt+1
- ——0-- S PO * P1
PO * P2
M M Pi * Pj

e (C1: such that ¢(C’1+) is the reed- Muller code of order one.
PI(C1) =< a(@)m,(2)ma(z) >, + < 2a(a)m(z) >..
P/(C) =< a(z)m,(z) >, + < 2a() >,

P! (C1) C P.(C) then C1 C C and ¢(C;) C $(C"),

and po,p1 ... pg1 are in ¢(C1).

e By using < a(z)7,(z) >, * < a(z)7,(z) >, C<a(z) >,

and 2 < a(x) >.=< 2a(z) >, we prove that p; x p; is in ¢(C").

e dim (C")=dim ¢(C")=dim(Reed-Muller of order two).

Conclusion:
#(CT)=Reed-Muller of order two.

»(CT) equivalent to ¢(C™") since Nechaev permutation permutes
words components of ¢(C).
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TWO KIND OF Z, CYCLIC CODES
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Two kind of Z,-Cyclic Codes

™ — 1 = a(z)b(z)é(z) in Folx], n odd,
a(x), b(x), c(x) : Hensel lifts of a(x), b(x), c(x),

Polynomial representation:
(Type A) : < a(2)b(z) + 2a(z) >,
(Type B) : < a(x)b(x) >Z +2 < a(x) >Z

Fact 1

Let C1 and C5 be two Fo-linear codes of odd
length n .

C =Cq+2C5 is a Za-linear code if and only
if

~

(*) C1xCyp CCo
Remarks:

1) If C; and C5 binary linear cyclic then C
is a type (B) code.

2) Condition (*) is not trivial to check
and we need a more practical one.
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The two following facts are previous results.
Fact 2

Every Zgy-linear cyclic code C' of odd length
n is of type (A).

Fact 3 (Main Theorem) Let n be odd.
If C is a type (A) code and if €(x) is such
that 2" — 1 = (¢®¢)(x)e(x) in Folx], then :

(I) The following properties are equivalent :

(*) <a(x)b(z) >, * < a(z)b(z) >, C < a(z) >,.

(**) (C) is a binary linear cyclic code.
(***) a(x) divides e(x) in Fy[x].

(IT) If one of these conditions is satisfied then

V(C) =< Ei(:c)%(ac) >§n
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Open problems

(Type A) : < a(z)b(z) + 2a(x) >Z

(Type B) : < a(a)b(z) >, +2 < a(zx) >,

Py : When type (B) codes are Zgy-linear 7
(find a better condition than (*))

P, : When is < a(z)b(z) + 2a(z) >, equal to
<a(z)b(z) >, +2 < a(z) >, ?

P3 : What are the Nechaev-Gray images of
type (B) codes 7
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n odd.

Y, . Polynomial Nechaev-Gray map.

Recall that if f(x) = 7(x) + 2¢(x) € As(n)
with 7(z) and ¢(x) in A>(n). then :

vp(f(z)) = (" + 1)q(z) & w%[(w” + 1)7(z)]

Theorem 36
If C is a type (B) code of odd length n and
v is the Nechaev-Gray map, then 1 (C) is a
binary linear cyclic code of length 2n.
More precisely,

if P,(C) =< a(z)b(z) >, +2 < a(z) >,
then ¥ (C) is generated by a(z) b(x).

Corollary 37

T he set of binary linear cyclic codes of length
2n, n odd, is the set of Nechaev-Gray images
of the type (B) codes of length n.
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Proof:
" — 1 = a(x)b(z)é(z) in Folx].

o ¥, (C) C< @(x) b(x) >

Typical word of PZ(C):

f(z) = Az)a(z)b(z) + 2a(z)a(x).
Lemma and -L[d(z) B(z)°] = 0 give:

wp(f(x)) = )
A(2)a(z) b(a)e(x) ® zd(z) b(a)” L [X(2)a(x)]

thus ¢, (f(z)) belongs to < a(z)°B(z) >>"

e Cardinality of ¢,(C):

I =< a(x)b(z) >,, I =< @(z) >,
I + 217 is a direct sum (easy).
O |=| 1y || I |= 4de0 o) deo )

~ 2~ 2n
=|< a(z) b(z) >, |.
¥, bijective map, then | ¢, (C) |=|< @(z) b(z) >."|.

e Conclusion:
~ 2~ 2n
Vp(C) =< a(z) b(z) >,
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Za-linearity of type (B) codes

Theorem 38 (n odd)

Let e(x) be such that 2" — 1 = (c®¢)(x)e(x)
in o [a:]

T he conditions below are equivalent :

1) <a(z)b(z) >, +2 < a(z) >,
is a linear code.

2) a(z) divides &(z) in Falz].
3) <a(x)b(z) >, +2 < @(z) >,

= < a(z)(b(z) +2) >,.
Remarks :

a) If one of the conditions of the Theorem is
true, then :

(< a(@)b(z) + 2a(z) >}) =< a(2) b(z) >,

b) In order to solve Py, condition 2) above is
better than condition (*) of Fact 3, which is
uneasy to check.
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A family of Z,-self-dual linear cyclic codes

Question :

C = Cq + 2C5, where C; and C5 are binary
linear cyclic linear codes.

When C is a Zga-self-dual linear code 7

Definition 39

Let C be a binary code and let s be any in-
teger, s > 1.

The code C is said to be s-divisible if the
weight of every word of C is divisible by s.

Lemma 40 (From Mc Eliece)
C : Fo-linear cyclic code of odd length n with
generator g(z) such that z" — 1 = §(x)h(z)
in o [:U]
R : the set of roots of h(x) in the splitting
field of ™ — 1 over Fs|x].

If t is the smallest integer such that
G108 --- B = 1 where 31, B2, ..., B¢ are in R,
then :

C is 2t 1_divisible and is not 2t-divisible.
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AS a consequence of the previous lemma we
have the next corollary :

Corollary 41

With the above notations, let h*(z) be the
reciprocal polynomial of h(zx).

The code C is 25-divisible with s > 3 if and
only if ((h® h)(x),h*(x)) = 1.

Theorem 42

Let C1 and C> be two binary linear cyclic
codes of odd length n.

Then the code C = C1+2C5 is a Zs-self-dual
linear code if and only if

Co» = € and &y is 8-divisible.
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Starting point of the proof:

C =Cq+2C5 is a Zy4-linear code then

C1 % C1 C Co which implies C1 C Cs.

Then there exist a(z) and b(z) such that
a(x)b(x) divides ™ — 1 in Fs[z] and

C1 =< a(z)b(z) >8, Cr =< a(z) >B.

In other words, C'is a Za-linear type (B) code.
Hence C =< a(z)b(x) + 2a(z) >}

with a(x), b(x), c¢(x) Hensel lifts.

The sequel of the proof use the description
of C1 and Corollary 41.
(see reference [8] for details).
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Corollary 43

Let C; and C> be two binary linear cyclic
codes of odd length n and minimum dis-
tances d1 and do respectively.

IfC =C1+2C5 is a Z4-self-dual linear code
of odd length n then :

Ww(C) is a Fy-self-dual linear cyclic code of
length 2n and minimum distance min(dq, 2d>).

Corollary 44 (Example)
If C is the dual code of the 2-correcting BCH
binary code of length 2™ —1 with m > 5 ifm

is odd and m > 8 if m is even, then C + 2C+
is a Zga-self-dual linear code.

71



REFERENCES

[1] A. R. Calderbank and N. J. A. Sloane, “Modular and p-adic
Cyclic Codes" Designs, Codes and Cryptography, vol. 6, no. 1,
pp. 21-35, 1995.

[2] A. R. Hammons, Jr., P. V. Kumar, A. R. Calderbank,

N. J. A. Sloane, and P. Solé, “The Zs-linearity of Kerdock,
Preparata, Goethals, and related codes” IEEE Trans. Inform.
Theory, vol. 40, pp. 301-319, 1994.

[3] P. Kanwar and S. R. Lépez-Permouth, “Cyclic Codes Over
the Integers Modulo p™”
Finite Fields and Their Applications, vol. 3, pp. 334—352, 1997.

[4] V. S. Pless, Z. Qian, “Cyclic Codes and Quadratic Residue
Codes Over Z4" IEEE Trans. Inform. Theory, vol. 42,
pp. 1594-1600, 1996.

[5] V. S. Pless, W. C. Huffman, Handbook of Coding Theory
Elsevier, Amsterdam, 1998.

[6] V. S. Pless, P. Solé, Z. Qian, “Cyclic Self-Dual Z4-Codes”
Finite Fields and Their Applications, vol. 3, pp. 48-69, 1997.

[7] H. Tapia-Recillas, G. Vega, "Some Constacyclic Codes over
Zor and Binary Quasi-cyclic Codes”,
Discrete Applied Mathematics, vol. 128(1), pp.305-316, 2003.

[8] G. Vega, J.Wolfmann, “Some families of Z4-cyclic codes”,
Finite Field and Their Applications, vol. 10, pp 530-539, 2004.

[9] J. Wolfmann, “Negacyclic and Cyclic Codes Over Zj"
IEEE Trans. Inform. Theory, vol. 45, pp. 2527-2532, 1999.

[10] J. Wolfmann, “Binary Images of Cyclic Codes Over Z,"
IEEE Trans. Inform. Theory, vol. 47, pp. 1773-1779, 2001.

72



