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To compute the weight enumerator
Ac(Xo,- - Xm) = > AXZ- - Xnm
i=(ig,...,im)€l

of C (where | consists of all m + 1-tuples i € NJ'™* satisfying
io + - -+ +im = n), we establish a correspondence between
codewords of C and hyperplanes of PG(RY).

All hyperplanes of PG(RE) (or PHG(RY)) have the form
H = (Rx)* for some x € (R*)*.

Definition
The &-type of H is the sequence (ay, . . .,am) where
a:= »  AP) foro<i<m.
PeP
PCH+6'R"
PZH+o R
Remark

If & is a multiset in PHG(RY) (i.e. supp & contains only free
points), then a; counts the number of points of & which are
i-neighbours but not i + 1-neighbours to H.
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Proposition

Let & be a multiset in PG(RK) associated with C < gR", and
suppose the correspondence C — R is given by G € R**". For
each hyperplane H = (Rx)* of &-type

(0,...,0,a,...,am) witha; #0

the cyclic subcode RxG < grC has weight enumerator

m—1
n m—s M—s—1\y &y 41 A im—1—sys Y4m—st -Fam
X + E (q —q )XS Xs+1 o 'mel m
=i

Proof.

Let G =(91]...|gn) andc =xG = (X -Q1,...,X - On).
Observation (easy to verify)

gj € H +0'RX\ (H + 0"+1RX) is equivalent to x - g; € N' \ N'+1,
Hence (ay, . .., am) is the weight composition of c.

The rest follows from Rc 22 NI (as left R-modules) and the fact
that multiplication by 6 shifts the weight composition as follows:

(b07 ceey bm717 bm) = (07 b07 R bm—Z, bmfl + bm)
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e The weight enumerator of C can be computed from the
weight enumerators of the cyclic subcodes of gC using the
principle of inclusion and exclusion. In the classical case this
is trivial, since C = {0} W .5 (FqC \ {0}).

e Sometimes (especially in the case m = 2) it is easier to
compute the weight enumerators of C* and C \ C*
separately.

If ag # 0, H gives rise to g™ — g™~ codewords in C* (the
words in R*xG). All these have weight composition equal to
the R-type of H.
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Ch:;geiipagics— We compute the weight enumerator of the linear code K over Z4
Theory generated by
Thomas
Honold 1 O 0 1 2 3 1
K=10 1 01 1 2 3
0011312

The code K is associated with a hyperoval of the projective
Hjelmslev plane PHG(Z3) = PHG(2, Z4).

Since 2C is a simplex code over {0, 2},

Azc (Xos X1, X2) = Xg + TX{X3.

type | #lines |
(4,1,2) 21 secants
(4,3,0) 7 passants

This gives
Acx (Xo, X1, Xa) = 42XFX1 X2 + 14X$X3,
Ac(Xo, X1, X2) = X7 4 42XFX1 X2 + TXFX3 + 14XgX3.
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Example (Weight enumerator of the Octacode)
The Octacode O is generated by

1000 2111
01 0012 31
00101123
0 0011312

The associated multiset O is an arc in PHG(3,Z,) (i.e. no 4 points
of O are on the same hyperplane).

Since 20 is the extended [8,4,4] Hamming code over {0, 2},
Azo(Xo, X1, X2) = X8 + 14X{X3 + X8
Let n; be the number of planes of PHG(3,Z4) meeting O in i
points (0 <i < 3).
Ng + Ny + ny+ n3 =120
Ny + 2n, + 3n3 8-28
8

n, + 3n3 = (2)-6

ns = (5)
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Solving the system gives np = 8, n; = h3 =56, n, = 0.
Since O/20 is the extended Hamming code, there is 1

neighbourhood class of planes of O-type (8,0, 0) (the class
containing Z4(1111)*) and 14 classes of O-type (4, *, *).

Thomas
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O-type | #planes |

(8,0,0) 8 HNO =0
(4,1,3)| 5 |HNO|=3
(4,3,1)| 56 ||HNO|=1

This gives
Aox (Xo, X1, X2) = 16X8 + 112X X1 X3 4 112X3 X3 X5,
Ao (Xo, X1, X2) = XB + 112X X X3 + 14X X5 4 16X§
+ 112XgX3X, + X8
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MacWilliams Identity

Theorem
The weight enumerators of C < gR" and its dual code C*+ < RR
are related by

1
ACL(XO) XJ_, ... ;xm) = E : AC (Am - xmfl;Amfl - qu—27
s 7Al - qm_lXOaAO)a

where Aj = Xm + (9 — 1)Xm-1+ - + (@M1 —gm1-1)X; is the
weight enumerator of N'.

Sketch of proof.
(1) Define a € AutQ[Xo, . .., Xm] by

(Oéf)(XO,X]_, ceey Xm) = f(Am - Xm—l,Am—l - qu—27
AL = g™ X0, Ag)

Verify the identity a(Ac) = |C| Ac. for the m + 1 codes N!
(0 <i < m) of length 1, whose weight enumerators A; form a
basis of (Xg,...,Xm)qg-
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Chain Rings— (2) If C = C1 x C; is a decomposable code and «(Ac,) = |Ci| At
Algebraic !
Theary holds for i = 1,2, then C* = C{ x C4, Ac = Ac,Ac,.

Thomas Act =ActAc, and hence

Honold

a(Ac) = o(Ac,Ac,) = a(Ac,)a(Ac,) = [C1]|C2| AcAcy = [C|Ac-.

It follows that a(Ac) = |C|Ac. also holds for the ("}™)
completely decomposable codes

C=Rx---XxRxNx---xNx---x{0} x---x {0},
—_——

No ny Nm

whose weight enumerators form a basis of Q[Xo, . .., Xm]n.

(3) Show the existence of a Q-linear endomorphism of
Q[Xo, - - ., Xm] which sends Ac to |C| Ac..
If x is a generating character of R, then the Fourier transform

F) = Y fx(x-y) forf eQR"  (n>0).

XERN

has this property. O
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Simplex Codes
Definition
The linear code C associated with the multiset & in PG(RK),
defined by R(P) = 1if P € P is a free point and K(P) =0
otherwise, is called the k-dimensional simplex code over R and is
denoted by Sim(k, R).
The code Sim(k, R) has length gk-1(m-1) (';)q shape (m, ..., m),
N——
k

and cardinality [Sim(k,R)| = g*™.

q
All hyperplanes H of PG(RK) have the same #-type
(ag,as,.-.,am) given by

k k-1
— gk=1)(m-1) _ _ q(k=1)m
o =1 ( ) ( ) ) - ’
( 1 q 1 q

k-1 - - .
aj_q(k—z)(m—n( . ) (q"F — g™ty j=1,...m-1,
q

k-1
A = q(kzxml)( . ) ,
q
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Linear Code submodules contained in H + #/R¥, a module of shape
Constructions .
(m,...,m;m—j).
——
k—1
Hence

qk—Dm— 1)() ifj =0,
Zas_{ (k—1)(m— 1)( q) 4 ;

1
e~ qd Fifli<j<m.

Solving for a; gives the stated formulas.
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Hamming Codes

Definition
The dual code Sim(k, R)* is called the k-th order Hamming code
over R and is denoted by Ham(k, R).
Ham(k, R) is free of rank gk—1)(m- 1)(1) —k.
. k 1)(m— 1)( ) mk
In particular |[Ham(k,R)| = a
The weight distribution of Ham(k, R) can be computed using the
MacWilliams identity.
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Honold C :=Sim(2,Z4) and C+ = Ham(2,Z,) are generated by

Linear Code

Constructions 3 3 1 O 0 0
101121 320100
01 1213)7 |230010
310001
and have weight distributions
Ac(Xo, X1, X2) = X$ + 3X{FXZ + 12X X1 Xa,
1
Aci(Xo, X1, X2) = 7=Ac (X2 — X1, Xy + Xz — 2Xo, X1 + X2 + 2Xo)

16
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R chain ring with [R| = q™ and R/N = Fy,.

Let
C1CC2CC3C...CCmgIF'q

be a chain of linear [I,i, d;] codes of length | > m over F.
Suppose that C; has generator matrix

d1
G = ?2 , gi €T,
gi
Let I be a Teichmiiller set of R. Then every r € R is uniquely
representable as
r=ro+rf—+...+rm10™?t wherer,er.

Writing T =r 4+ N for r € R define the mapping

w:{R—>IF'q

r — (c1,...,C)

by (r) = (Tm_1,Tm_2,...,T0) G™ = (c1,Ca,...,C).
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Chain Rings— Let C be a linear code of length n over the chain ring R. Then the

Meon.  code

(€)= {(¥(er), ... v(en)) | (er.....cn) €C}

Honold

is a code of length nl over Fq having minimum distance
Linearly Rep-
d ) > min { d -a( }

ot (¥(C)) = Jmin, Z mei @

Corollary

If the codes C; in the definition of ¢ are [I,i] MDS-codes,
i =1,...,m, then the minimum distance of ¢/(C) satisfies
m—1
d ((C)) > min {Zu —meti+ l)ai(c)}.

0#£ceC
i=

Moreover, if |R| = g2 and | = q we have

d (¥(C)) = jmin_{(q — 1)ao(c) + qas(c)} -
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Reed-Solomon map
In the case |R| = g2, | = q the map + can be defined by

G_G(Z)_<1 1 1 .. 1)

Qp 1 Q2 ... Qq-1

where Fyq = {ag, a1, ...,0q-1}.

The case charR =p

R = Fqy[X;o]/(X™) for some o € AutFq
I is a subfield of R

R is a (two-sided) vector space over I'.

Theorem

If the characteristic of R is p then the mapping +: rR — Fg is
semilinear, and consequently (C) is a linear code over Fy for
every code C which is linear over R.
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Definition

A code C over a g-ary alphabet is said to be linearly
representable over the chain ring R if there exists a linear code D
over R and a mapping ¢ such that ¢)(D) is isomorphic to C.

Theorem

Every binary Reed-Muller code R(r,n) is linearly representable
over Fo[X]/(X?).

The Reed-Muller codes are in general (for 3 <r < n — 2) not
linearly representable over Z,.

Proof.
This follows from the following

Lemma

A binary code C containing the zero word is linearly representable
over R = F,[X]/(X2) if and only if C is linear and the
automorphism group of C contains a regular coordinate
permutation of order 2.

Multiplication by (1 + X) € R corresponds to a coordinate swap in
the Gray image ¢(R) = F3. O
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On the MacDonald Codes

Definition

Let K, U be positive integers with U < K. A linear code over Fy
associated with the complemement of an U — 1-dimensional
subspace of the projective space PG(K —1,q) is called a
MacDonald code with parameters K, U.

A g-ary MacDonald code with parameters K, U has length
N = (g — q¥)/(q — 1), dimension K and only two nonzero
weights Wy = gkt —qY-1, W, = gX-L.

Theorem

Every g-ary MacDonald code whose parameters K, U satisfy the
condition U > K /2 is linearly representable over any of the rings
Fq[X; 0]/(X?).



Linear Codes
over Finite
Chain Rings—
Algebraic
Theory

Thomas
Honold

Linearly Rep-
resentable
Codes

Proof.

Suppose R is a chain ring with invariants g and 2. Choose a free
rank u submodule ¥ in PHG(R), u < k. Let & be the set of
points in PHG(R ) which are neighbours to ¥.

It turns out that the g-ary Reed-Solomon image ¢(C) of a linear
code C over R associated with X is a two-weight code with
parameters

k4+u _ ~k
%, [(C)| = g+,

D — Wl — qk+u—l _ qk—l7 W2 — qk+u—1.

N =

Setting K = k + u, U = k we get codes with the same parameters
and weight distribution as the (K, U) MacDonald codes satisfying
the condition U > K /2.

If R has characteristic p, the resulting codes are linear and hence
isomorphic to the corresponding MacDonald codes. O
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